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Abstract 

Abstract problems about attainability in topological spaces are 
considered. Some nonsequential version of the Warga approximate 
solutions is investigated: we use niters and ultrafilters of measurable 
spaces. Attraction sets are constructed. 

AMS (MOS) subject classification. 46A, 49 K 40. 

1 Introduction 

This investigation is devoted to questions connected with attainability 
under constraints; these constraints can be perturbed. Under these 
perturbations, jumps of the attained quality can arise. If perturba- 
tion is reduced to a weakening of the initial standard constraints, then 
we obtain some payoff in a result. Therefore, behavior limiting with 
respect to the validity of constraints can be very interesting. But, 
the investigation of possibilities of the above-mentioned behavior is 
difficult. The corresponding "straight" methods are connected with 
constructions of asymptotic analysis. Very fruitful approach is con- 
nected with the extension of the corresponding problem. For example, 
in theory of control can be used different variants of generalized con- 
trols formalizable in the corresponding class of measures very often. In 
this connection, we note the known investigations of J. Warga (see PQ). 
We recall the notions of precise, generalized, and approximate controls 



(see PQ). In connection with this approach, we recall the investiga- 
tions of R.V. Gamkrelidze [2]. For problems of impulse control, we 
note the original approach of N.N. Krasovskii (see [3]) connected with 
the employment of distributions. If is useful to recall some asymptotic 
constructions in mathematical programming (see [HE]). We note re- 
marks in [HE] connected with the possible employment of nonsequen- 
tial approximate (in the Warga terminology) solutions-nets. 

The above-mentioned (and many other) investigations concern ex- 
tremal problems. But, very important analogs are known for different 
quality problems. We recall the fundamental theorem about an alter- 
native in differential games established by N.N. Krasovskii and A.I. 
Subbotin [6j. In the corresponding constructions, elements of exten- 
sions are used very active. Moreover, approximate motions were used. 
The concrete connection of generalized and approximate elements of 
the corresponding constructions was realized by the rule of the ex- 
tremal displacement of N.N. Krasovskii. 

In general, the problem of the combination of generalized and ap- 
proximate elements in problems with constraints is very important. 
Namely, generalized elements (in particular, generalized controls) can 
be used for the representation of objects arising by the limit passage 
in the class of approximate elements (approximate solutions). These 
limit objects can be consider as attraction elements. Very often these 
elements suppose a sequential realization (see [U ch. Ill, IV]). But, 
in other cases attraction elements should be defined by more general 
procedures. 

So, we can consider variants of generalized representation of 
asymptotic objects. This approach is developed by J. Warga in theory 
of control. 

Similar problems can arise in distinct sections of mathematics. For 
example, adherent points of the filter base in topological space can 
be considered as attraction elements. Of course, here nonsequential 
variants of the limit passage are required very often. 

In the following, the attainability problem with constraints of 
asymptotic character is considered. 

Fix two nonempty sets E and H, and an operator h from E into 
H. Elements of E are considered as solutions (sometimes controls) and 
elements of H play the role of estimates. We consider h as the aim 
mapping. If we have the set E , E Q C E, of admissible (in traditional 
sense) solutions, then h 1 (£^ D ) = {h(x) : x E E Q } play the role of an 
attainability domain in the estimate space. But, we can use another 
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constraints: instead of E a , a nonempty family £ of subsets of E is 
given. In this case, we can use sequences (xi)^l 1 in E with a special 
property in the capacity of approximate solutions. Namely, we require 
that the sequence (xi)f2 zl has the following property: for any E a G £, 
the inclusion Xj € E Q takes place from a certain index (i. e. for j ^ j , 
where j a is a fixed index depending on E a ). For such solutions we 
obtain the sequences (h(xj)J . =1 in H. If H is equipped with a topology 
t, then we can consider the limits of such sequences (h(xj))^ 1 as 
attraction elements (AE) in (H, t). Of course, our AE are "sequential" : 
we use the limit passage in the class of sequences. This approach 
can be very limiting. The last statement is connected both with our 
family 8 and with topology t. The corresponding examples are known: 
see 0[8]. In many cases, the more general variants of the limit passage 
are required. Of course, we can consider nets (x a ) in E and, as a 
corollary, the corresponding nets (h(x a )) in H. In addition, the basic 
requirement of admissibility it should be preserved: for any E Q 6 £, 
the inclusion x a 6 E Q is valid starting from a certain index. With 
the employment of such nets, we can realize new AE; this effect takes 
place in many examples. 

But, the representation of the "totality" of above-mentioned (in- 
admissible) nets as a set is connected with difficulties. Really, any 
net in the set E is defined by a mapping from a nonempty directed 
set (DS) T> into E. The concrete choice of T> is arbitrary (T> is a 
nonempty set). Therefore we have the very large "totality" of nets 
with the point of view of traditional Zermelo axiomatics. But, this 
situation can be corrected by the employment of filters of E : it is 
possible to introduce the set of all ^-admissible filters of the set E. 
In addition, the ^-admissibility of a filter T is defined by the require- 
ment £ C T . So, we can consider nonsequential approximate solutions 
(analogs of sequential approximate solutions of Warga) as filters T 
of E with the property £ C T . Moreover, we can be restricted to 
the employment of only ultrafilters (maximal filters) with the above- 
mentioned property. In two last cases, we obtain two variants of the 
set of admissible nonsequential approximate solutions defined in corre- 
spondence with Zermelo axiomatics. In our investigation, such point 
of view is postulated. And what is more, we give the basic atten- 
tion to the consideration of ultrafilters. Here, the important property 
of a compactness arises. Namely, the corresponding space of ultrafil- 
ters is equipped with a compact topology. This permits to consider 
ultrafilters as generalized elements (GE) too (we keep in mind the 
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above-mentioned classification of Warga). 

The basic difficulty is connected with a realizability: the existence 
of free ultrafilters (for which effects of an extension are realized) is 
established only with the employment of axiom of choice. Roughly 
speaking, free ultrafilters are "invisible". This property is connected 
with ultrafilters of the family of all subsets of the corresponding "unit" . 
But, we can to consider ultrafilters of measurable spaces with algebras 
and semialgebras of sets. We note that some measurable spaces ad- 
mitting the representation of all such ultrafilters are known (see, for 
example, [9, §7.6]; in addition, the unessential transformation with 
the employment of finitely additive (0,l)-measures is used). 

2 General notions and designations 

We use the standard set-theoretical symbolics including quantors and 
propositional connectives; as usually 3! replaces the expression "there 

exists and unique", = is the equality by definition. In the following, 
for any two objects x and y, {x; y} is the unordered pair of x and y 

(see [mi ch. II]). Then, {x} = {x;x} is singleton containing an object 

x. Of course, for any objects x and y (x,y) = {{x};{x;y}} is the 
ordered pair of objects x and y; here, we follow to |10|. ch. II]. By we 
denote the empty set. By a family we call a set all elements of which 
are sets. 

By V{X) we denote the family of all subsets of a set X; then, 

V\X) = V(X) \ {0} is the family of all nonempty subsets of X. Of 
course, for any set A, in the form of V'(V(A)^j and V'\P'(A)), we have 
the family of all nonempty subfamilies of V{A) and T"(A) respectively. 
If X is a set, then we denote by Fin(X) the family of all finite sets 

of V'(X); then (FIN)pf] = Fin(X) U {0} is the family of all finite 
subsets of X. 

For any sets A and B, we denote by B A the set of all mappings from 

A into B. If A and B are sets, / G B A , and C G V(A), then f l (C) = 
{/(x) : x G C} G V(B) (the image of C under the operation /) and 

(/| C) G B c is the usual (7-restriction of / : (/| C){y) = f(y) Vy G C. 

In the following, N = {1; 2; . . .} and R is the real line; N C R. Of 
course, we use the natural order ^ of R. If n G N, then 

Y~n = {i G N| i ^ n}. 



4 



Transformations of families. For any nonempty family A and 
a set B, we suppose that 

A\ B = {A n B : A G A} G V'{V(B)) . 

If X and V are sets and / G y , then we suppose that 

(f l [X] = U\A) : A G X} MX G 7>'(7>(X))) & 

& (/-'[^^{r 1 ^): vkp'(W)); 

of course, in (|2.ip nonempty families are defined. 
If £ is a family, then we suppose that 

M(£) = { (J ^^6^)} 

(we keep in mind that V{£) is a nonempty set (0 E V(£)) and, for 
7?- G V{£), 1Z is a family) and 

{n}(£)^{ H a- : 

(of course, for % G V'(£), H is a nonempty family); moreover 
{n} f (£) = { H : KG Fin(£)}. 

So, for any nonempty family £, we obtain that 

({U}(£)eV'(v({jE)):£c{U}(£))& 

^ Ee£ ' 

& ({n}(£) g V(v{ U4^ c & 
h ({n} t (£) g V(v{ |J E)\.£ c {n},(£)) ; 

of course, {n} f (£) C {□}(£)• 

Special families. Let / be a set. Then, we suppose that 

?r[J] = {£ G P'(P(/)) I (0 G £) & (/ G £) & (2 2) 

&(AnBe£ VAeC VBeC)}; ' ' 
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elements of (|2.2p are called 7r-systems with "zero" and "unit". More- 
over, 

(LAT)[7]^{£gP'(7>(7))|(0g£)& (23) 
&(ViG£ V5e£ (AUB £ £)&(AnB e £))}; 

elements of (|2.3p are lattices of subsets of 7 (with "zero" ) . Finally, 

(LAT) [J] = {£ G (LAT)[J] | 7 G £}g V{n[I}). (2.4) 



Of course, in (|2.4p lattices of sets with "zero" and "unit" are intro- 
duced. We note that C U {/} G (LAT) [J] V£ G (L AT) [I] . Of course, 

(top) [J] = {r G vr[7] | U Ger VeG7"(r)} = 

. Ge ^ , (2.5) 
= {r G tt[I] UGerVSe P(t)} 

is the set of all topologies of 7. If r G (top) [J], then the pair (I, r) is 
a topological space (TS); 

(clos)[/] = {Je P'CP(I)) I (0 G T)k 

& (7 G .F) & (A U B G J" Wl G F \/B G J") & (2.6) 
&( fl H £ J 7 \fH g 7>'(.F))}; 

in (|2.6p we have families dual with respect to topologies. It is obvious 
that 

((top)[/j C (LAT) [/]) & ((clos)[7] C (LAT) [/]). (2.7) 
We suppose that C/ : V (V(I))—t V'(V(I)) is the mapping for which 

d(H) = {I\H : H en} VH G T'[V(I)) . (2-8) 
From ()2.5p - (j2.8|) . we obtain the following properties: 

(C / (C 7 (^))=^ V77g7>'(7>(7)))& 

& (C/(t) G (clos)[/] Vr G (top) [7]) & ( 2 - 9 ) 
& (C/(J-) G (top) [7] V7" G (clos)[7]). 

We note that V{I) G (top) [7] n (clos)[7]; in addition, 

C I {V(I))=V(I). 
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Of course, in (|2.9p . we have (in particular) the natural duality used in 
general topology. Let 

(c-top)[/] = {rG(top)[/]|VCGP'(r) [I = \J G)=> 

Gee, 

=> (3/C G Fin(0 : 1= (J G)}. 

Ge/c 

(the set of all compact topologies of I). Now, we introduce in consid- 
eration algebras of sets. Namely, 

(alg)[J] = {£ G tt[J] |I \ £ G £ VL G £} C (LAT) D [/]. (2-10) 

In connection with (12. 10H . we note that 

{L G £ | / \ L G £} G (alg)[i] V£ G (LAT) [/]. 

If £ G (alg)[7], then (J, £) is a measurable space with an algebra of 
sets. 

If £ G tt[J], ra G N and A G P(J), then by A n (,4, £) we denote the 
set of all mappings 

( L i)ieUi :T?n—>L 

n 

for each of which: 1) A = \J 2) L h n L i2 = Vii G l,n Vz 2 G 

i=i 

1, n \ {ii}. Then 

n[7] = {£ G tt[/]|VL G £ 3nGN: A n (/\£,£) ^ 0} (2.11) 

is the set of all semialgebras of subsets of I. Of course, 

(alg)[J] = {£ G n[7] | / \ L G £ VL G £}; 

see (|2. 10p . If we have a semialgebra of subsets of I, then algebra 
generated by the initial semialgebra is realized very simply: for any 
£GII[/], 

a?(£) = {Ae V{I) | 3n G N : A n (A,£) ± 0} G (alg)[/] 
has the properties: 1) £ C aj(£); 2) VA G (alg)[J] 
(£ C A) (a?(£) C A). 
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Now, we introduce some notions important for constructions of general 
topology. Namely, we consider topological bases of two types: 

(op-BAS)[/] = {BeV(V(I)) |(I= U B)k(yB 1 eB 

BeB 

V77 2 G B Vx G B l n 77 2 377 3 G B : (x G 77 3 ) & (S3 cBifl £ 2 ))}, 

(2.12) 

(cl-BAS)[/] = I (/€»)&( B = %)& 

& (VBi G B V7? 2 G B \fx G / \ (Bi U 5 2 ) ( 2 - 13 ) 
353GB: (B 1 UB 2 cB 3 )&(x^ 3 ))}, 

Of course, (op - BAS)[/] = {/? G 7 3 (P(/)) | {U}(/3) G (top) [7]}. In 

connection with (|2.12p . we suppose that (op — BAS)0[J] = {B G (op — 
BAS)[/]|0GB}, (op-BAS) [J] C?'(P(/)); 

Bl) {0} G (op - BAS) [J] VB G (op - BAS)[/]. 

Moreover, the following obvious property is valid: 

{U}(B) = {U}(B U {0}) VB G (op - BAS)[/]. 

We note the natural connection of open and closed bases: 

(C/(B) G (op - BAS) [7] VB G (cl - BAS)[/]) & 

&(C 7 (/3) G (cl-BAS)[J] V/3 G (op - BAS) [/]) . 1 J 

Along with (|2.14p . we note the following important property: 

{n}(B) G (clos)[I] VB G (cl - BAS)[/]. (2.15) 

From (j2.9j) and (|2.15p . we obtain the obvious statement: 

C/({n}(B))G (top) [7] VB G (cl - BAS)[7]. (2.16) 

So, closed bases can be used (see (|2.16p ) for topologies constructing. 
We note the following obvious property (here we use (|2,14p and (|2.16p ): 

C 7 ({n}(B))= {U}(C 7 (B)) VB G (cl - BAS)[7]. (2.17) 

Of course, in (|2.17p . we use the usual duality property connected with 

dZHD - dZHSD - 

Some additions. In the following, we suppose that 

(V - top) [7] = {r G (top) [7] | {x} G Cj[t] Vx G 7}; (2.18) 
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if t G (V - top) [I], then TS (J,t) is called Ti-space. We use (gISD 
under investigation of properties of topologies on ultrafilter spaces. 

Finally, we suppose that (LAT)°[J] = {£ G (LAT) [/j | {x} G 
C Vx G /}. So, we introduce "continuous" lattices. 

3 Nets and filters as approximate so- 
lutions under constraints of asymptotic 
character 

In this section, we fix a nonempty set E considered (in particular) as 
the space of usual solutions. We consider families £ G V(V(E,)^ as 
constraints of asymptotic character. Of course, in this case, we use 
asymptotic version of solutions. The simplest variant is realized by the 
employment of sequences in E : in the set E N , the set of ^-admissible 
sequences (see section 1) is selected. It is logical to generalize this ap- 
proach: we keep in mind the employment of nets. Later, we introduce 
some definitions connected with the Moore-Smith convergence. But, 
before we consider the filter convergence. 

We denote by /3[E] (by /3 [E]) the set of all families B G V'(V(E)) 
(families B G V'(V(E))) for which 

V5i G B V-B2 G B 3B 3 G B : B 3 C B x n B 2 ; 

/3 [E] C /3[E]. Then, /3 G [E] is the set of all filter bases on E. By S*[E] we 
denote the set of all filters on E : 

5[E] = {j 7 G V'(V'{E)) I (A n B G T MA G T MB G F) k ,3 ^ 
&, ({# G 7>(E) I F C #} C T VF G 7") }. 

Using (|3.ip , we introduce the set # u [E] of all ultrafilters on E : 

3u[E] = {^G?[E]|V7-G5[E] ((WCJ)^(W = J))}. (3.2) 

In connection with (I3.ip and (13. 2p . see in particular ch. I]. In 
addition, 

(E-fl)[B] = {-ff G 7>(E) | 3£ G £ : BCH}£ $\E] MB G /3 [E]. (3.3) 
By (13. 3j) we define the filter on E generated by a base of (3 Q [E] . 
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If S G V'(V(E)), then by &,[E| £] (by #°[E| 5]) we denote the set 
of all filters T G #[E] (ultrafilters J 7 € 3u[E]) such that £cJ. Then, 
for any filter G £[E], we have #£[E| J"*] G P' and what is 
more J 7 * is the intersection of all ultrafilters U G 3upE| J 7 *]', see [TTJ ch. 
I]- 

If a family £ G V(V(E)^ is considered as the constraint of asymp- 
totic character, then ultrafilters U G 3u \E\ £] are considered as (non- 
sequential) approximate solutions; of course, filters T G 5o[E | £] can 
be considered in this capacity also. But, ultrafilters have better prop- 
erties; therefore, now we are restricted to employment of ultrafilters 
as approximate solutions. 

The filter of neighborhoods. If r G (top) [E] and x G E, then 

N°(x) = {G G r\x G G} G /3 [E] 

and N T (x) = (E — fi)[iV°(x)]; of course, N T (x) G ^[E] in correspon- 
dence with ()3.3p . We were introduce the filter of neighborhoods of x 
in the sense of |1 1 1. ch. I]. In the following, 

cl(A,r) = {x eE\AHH / \/H G N T (x)} Vr G (top)[E] G P(E). 

So, we introduce the closure operation in a TS. Moreover, we suppose 
that 

(x - bas)[r] = {£> G V(N T (x)) | V.A G iV r (x) 3B £ B : B C A} 
Vt G (top)[E] Vx G E. 

(3.4) 

The filter convergence. We follow to [TTJ ch. I]. Suppose that 
VrG (top) [E] V£G/3 [E] VxGE 

(B^x)^.(7V T (s) c(E-A)[jB]). (3.5) 

In addition, #[E] C /3 [E]; see (|3.ip . Therefore, we can use (|3.5p in the 
case of B = J 7 , where J 7 G 5[E]; we note that (E — fi)[J-"] = T . Then, 
by d33J Vr G (top)[E] VJ" G ffpE] Vx G £ 

(J-^x) (iV r (x) C T). (3.6) 

Of course, it is possible to use the variant of ([3.6p corresponding to 
the case T = U, where U G Sul-^]- 

Nets and the Mo ore- Smith convergence. On the basis of 
(|3.6p . we can to introduce the standard Moore-Smith convergence of 
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nets. We call a net in the set E arbitrary triplet (D,^,f), where 
{D, ^) is a nonempty DS and / G E-°. If f) is a net in the set 

E, then 

(E- ass) [£>;:<;/] = G P(E) \3d G D V5 G L> f3 ? x 

((d^)^(/(^7))}effl; 

we obtain the filter of E associated with (D, ^, /). Now, for any topol- 
ogy r G (top)[E], a net (I?, X, /) in the set E, and x G E, we suppose 
that 

((A ^ /)-^z)44((E - afls)[I>; ^ (3.8) 
From (|3.6p and (|3.7j) . we obtain that (|3.8p is the "usual" Moore-Smith 

convergence (see [12j ch. 2]). Of course, any sequence x = (xj)jgN G 
E N generates the net (N, <,x), where < is the usual order of N. 

If S G V'{V{E)) , then a net (D, r<, /) in E is called E-admissible if 
£ C (E — ass)[D; ■<; /]. In this case, S can be considered as a constraint 
of asymptotic character and (D, :f>,/) plays the role of nonsequential 
(generally speaking) approximate solution. 

In conclusion, we note that 

(E - ult)[x] = {H G V(E) | x G H} G ff" u [E] Vx G E. (3.9) 
In (13.9p . trivial ultrafilters are defined. 



4 Attraction sets 

In this section, we construct nonsequential (generally speaking) at- 
traction sets (AS) using different variants of the representation of ap- 
proximate solutions. Since nets are similar to sequences very essential, 
we begin our consideration with the representation (of AS) using nets. 

For a brevity, in this section we fix following two nonempty sets: 
X and Y. In addition, under f £Y X and B G /3 a [X], 

f X [B[ G P [Y]; (4.1) 

of course, in (14, ip . we can use a filter or ultrafilter instead of B. In 
addition, the important property takes place: if / G Y x and B G 
Po[X], then 

{{X-tt)[B[€3 u [X\)=> ((Y-Z)[f[B]\e$ u [Y})- (4-2) 
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So, by (|4.2p image of an ultrafilter base is an ultrafilter base. Of 
course, the image of an ultrafilter is an ultrafilter base also. 

Introduce AS: if / G Y x , r G (top)[F] and X G V'(V(X)), then 
by (as)[X; Y; r; /; X] we denote the set of all y G Y for each of which 
there exists a net (D, ^,g) in the set X such that 

(X C (X - aSS )[D;±;g})&((D,±,fog)^y); (4.3) 

we consider (as)[X; Y; r; /; X] as AS. In this definition, we use nets. 
But, for any filter T G $[X] there exists a net (D, ^,g) in the set X 
for which T = (X - ass)[£>; X; 5 ] (see [H § 1.6]). 

Proposition 4.1.. For any f G Y x , r G (top)[Y] and ^ G V'(V(X)) 

( aS )[X;Y;r;f;X\ = {y e Y \3T e $ [X \ X] : /i[^=^y}. (4.4) 

Proo/. Fix / G Y x , r G (top)[Y], and <Y G P'(PpQ). Suppose that 
A and B are the sets on the left and right sides of (|4,4p respectively. 
Let y* G A. Then y* G Y and, for a net (D, ^,g) in X, the relation 
API) is valid under y = y*. Then, by (g3D 

J* = (X-ass)^;*?] e$ [X\X). (4.5) 

Moreover, by ([Ml) and (Hd (F - ass)[L>; <; f o 5 ]=^ y*. So, by (pTB"|) 

X T (y*) C (y-ass)[ J D;^;/oy]. (4.6) 

Let il* G N T (y*). Then by (pT?]) and (|4U|) . for some d* G D, the 
following property is valid: Vd £ D 

(d*±d)^>(f(g(d))eH*). (4.7) 

In addition, D* = {d G D\d* ^ d} G V(D) and by fl377|) and g3|) 

g l {D*) G 7"*. 

As a corollary, J 1 (y 1 (£>*)) = (/ o y) 1 ^*) G f x [F*]. But,by g2D 
Z 1 ^ 1 (£>*)) C H*. By ([33]) H* G (Y - fi) [f^T*]] . Since the choice 
of i7* was arbitrary, the inclusion N T (y*) C (Y — fi) [/ 1 [^ r *]] is estab- 
lished. By (J33D 

^[.T^y*. (4.8) 
By (|4~5l) and (f4~8j) y* G B. The inclusion A C B is established. 
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Let y° G B. Then, for y° G Y, we have a filter F° G $ [X \ X] such 
that 

f l [F°]^y°. (4.9) 

Choose a net (D, C,<p) in X for which J 70 = (X - ass)[B; C;<p]. By 
(glD Z 1 ^ ] G /3 [F] and, as a corollary, by ([33]) and 

WJcCr-fl)^ 1 ^]]. (4.10) 

Then by ([33]) and (jlTTUD we obtain that MH G iV r (y ) 3B G /M-^ ] : 
B C H. Using ^TJ we have the property: \/H G ^(y ) 3F G T° : 
/ X (F) C H. Choose arbitrary H° G N T (y°); then, for some F° G J 70 
the inclusion f l (F°) C is valid. By §571) and the choice of (ID, C 
, </j), for some d° G B, the following property is realized: Vo~ G B 

By the choice of -F° we obtain that Vo" G B 

(d°rs)^{(fo i p)(6)eH°). 

Then, H° G (1" — ass)[B; C; / o </?]. So, the important inclusion 

iW) C (y-ass)[B;r:;/o 95 ] 

is valid. Then (Y - ass)[B; C; / o ip]^. y° (see (pTH]) ). By (pTK]l 

(B,rz,/o^)^ y °. (4.11) 

Moreover, by the choice of J 70 and (B, C,<£>) the inclusion 

C (X - ass)[B; C; </?] 

is valid. From (|4.1ip . we have the inclusion y° G A. So, B C A and, 
as a corollary, A = B. □ 

Proposition 4.2. . For any / G Y x , r G (top)[Y], and A" G 

v'[v{x)) 

(as)[X-Y;r;f;X]={yeY\ 3U G d° u [X \ X] : f[U}^ y}. (4.12) 

Proof. We denote respectively by F an U the sets on the left and 
right sides of (O^ . Since £° [X | X] C # [X | AT], we have the obvious 
inclusion U C F (see Proposition 14. ip . Let y Q G F. Then by Propo- 
sition HJ] f 1 ^}^ y Q for some T G $ [X \ X\. Then T G $[X] and 
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X C T. We recall (see Section 3) that £° [X | J 7 } G P'(# u pf]). Choose 
arbitrary It G #° [X \ T] . Then 11 G 3u[X] and C J 7 C il. Therefore, 
U G #° [X | Moreover, by QH} f l [T] C f^il] and, as a corollary, 

(y-fi)[/ 1 [^]]c(y-fi)[/ 1 [il]] (4.13) 

(we recall that by gJJ J 1 [J 7 ] G /3 [Y] and /^il] G /3 [F]). By the 
choice of J- we have the inclusion 

iv r (y )c(y-fi)[/ 1 m] 

(see ([315])). Then by (|TOD N T {y ) C (F-fl) [/^il]] and, as a corollary 
(see ([33])), 

Then, y Q G U. The inclusion F C U is established. □ 

Recall that, for any family X G V'(V(X)), {n} f (X) G V'(V{X)) 
and X C {njf^). We note the following obvious 

Proposition 4.3. For any X G V'(V(X)), the equality $^[X\X] = 
$Z[X \{n}t(X)] is valid. 

Proof. Recall that X C {D} f (Af). Therefore, ^[I|{n} f (^)] C 
S'yfXlAf]. On the other hand, from (|3.ip . we obtain that T = 
{n} f (J") G $[X\. Then, for an ultrafilter Ue$^[X\X], 

{nux)c{n} f (u)=u 

and, as a corollary, G 5u[^ I {^}f (%)]• So, since the choice of 
U was arbitrary, [X | ^ C 3u[-^ I {C}f (^)l an< ^! as a corollary, 

r u [x\x]=r u [x\{n} f (x)}. ^ □ 

Corollary 4.1.. If f e Y x , r G (top)[Y], and ^ G V'(V(X)), then 

(as)[X; Y; r; /; X] = (as)[X; F; r; /; {n} f (*)]. 

The corresponding proof is realized by the immediate combination 
of Propositions 14.2 1 and 14.31 We note that, by definitions of Section 2 

{n} f {x) €/3[x] yx <ev'(v(x)). (4.14) 

In connection with (|4.14p . we note the following general property. 
Namely, V/ G Y x Vr G (top)[Y] V£ G /3[X] 

(as)[X;F;r;/;B] = f| cl^B)^). (4.15) 
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Then, by <KT5\i . and Corollary O 

( aS )[X;Y;r;f;X}= f] cl^^.r) 

Be{n} f (*) (4.16) 
Vf£Y x VrG(top)[yj V* G V'{V(X)). 

In connection with fCISjl . we note that VX G V'(V(X)) 

(0G{n} f (^))^(^[X|Af]=0). (4.17) 

Remark 4.1. By analogy with Proposition 14.31 we have that 

$o[x\x]=r [x\{n} t (x)] vxeV(V{X)). 

Really, fix A' G 7>'(7>(X)). Then X C {n} f (#). Therefore, 
So[X | {n} f (AT)] C £ [X | X}. Let J 7 G $ [X \ X). Then, JF e and 
A'C J. But, from (|3.ip . we have the equality T = {n}f (J 7 ), where by 
the choice of T {fl}f [X) C {n} f (7"). So, {n} f (X) C J" and, as a corol- 
lary, J" G S [X | {n} f (*)]. The inclusion $ [X | AT] C $ [X \ {n} f (X)\ 
is established. So, 5 pT I AT] = 3o[X \ {n} f (#)]. 

Returning to (|4.17|) . we note that by Proposition 14.21 V/ G 
Y x VXeV'(P(X)) 

(0e{n} f (^))^((a S )[X;r;r;/;Af]=0 Vr G (top)[F]). (4.18) 

Remark 4.2. We have that, for the case ^ {n}f (X), it is possible 
that 

3rG(top)[Y]: (as)[X; Y; r; /; X] = 0. 

Indeed, consider the case X = Y = M, /(x) = x Vx G X, r = tk is 
the usual | • [-topology of real line M, and 

Af = {[c,oo[: cGM}. 

Then, * G /3 D [X] and g {n} f (Af). Therefore, by ([TOD 

(as)[X-Y;T-J;X] = f|[c,oo[=0. □ 



It is obvious the following 
Proposition 4.4.. If f £Y x ,re(c- top)[F], and B G p o [X], then 

(as)[X;y;r;/;S]^0. 
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Proof. The corresponding proof follows from known statements of gen- 
eral topology (see [ITJ ch. I]). But, we consider this proof for a com- 
pleteness of the account. In our case, we have (|4.15p . In addition, 

T= {cl{f\B),T): BeB} (4.19) 

is nonempty family of sets closed in the compact topological space 
(TS) (Y, r). Moreover, T G Po[Y] (we use known properties of the 
closure operation and the image operation). Since ^ B, we obtain 
that i T. In addition, T G f3[Y}. Therefore, by © (3.3.16)] we have 
the following property: if n € N and 

n 

then 3T E T ■ T C P) Tj. As a corollary, T is the nonempty centered 

i=l 

system of closed sets in a compact TS. Then, the intersection of all 
sets of T is not empty. By (14.191) 

1^ cl(/ 1 (S),r)= Ht/I. 
BeB TeT 

Using (|4.15p . we obtain the required statement about the nonempty- 
ness of attraction set. □ 

Corollary 4.2. . If f eY x and X G P'(P(X)), then 

(0 £ {n} f ((as) [X; ^0 Vr G (c - top)[F]) . 

Proof. Let ^ {n}f (^). Choose arbitrary topology r G (c — top)[F]. 
By flUBD {n} f (#) G /3[X]. Moreover, * C {n} t (X). Therefore, i 
X. Then, {n}f(X) G /3 [X] and by Proposition H3] 

{ aS )[X;Y-T;f;{n} f (X)] ^ 0. 

Using Corollary [CTJ we obtain that (as) [X; Y; r; /; X] ^ 0. □ 

In the following, we use the continuity notion. In this connection, 
suppose that 

C(X,t u Y,t 2 ) = {feY x \f- 1 (G)€r 1 VGGr 2 } (42Q) 
Vn G (top)[X] Vr 2 G (top) [3^]. 
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So, continuous functions are denned. In the following, we use Injec- 
tions, open and closed mappings, and homeomorphisms. Let 

(bi)[X;Y] = j/ G Y x | {f\X) = Y) & Atei € X Vx 2 € X 
((/(xi) = /(x 2 ))=>(x 1 = x 2 )) 



(4-21) 

In (I4.2ip . the set of all bijections from X onto Y is defined. If t\ G 
(top)[X] and r 2 G (top)[Y], then 

C op (X,r 1 ,y,r 2 ) = {/GC(X,r 1 ,y,r 2 )|/ 1 (G) Gr 2 VG G n}, 

(4.22) 

C cl (X, n, Y, r 2 ) = {/ G C(X, ri,y,r 2 ) | Z 1 (F) G Cy [r 2 ] 

VFGCxIn]}. (423) 
In (|4.22p (in f|4.23|) ) . we consider open (closed) mappings. In addition, 

(Horn) [X;t i; Y;7- 2 ] = C op (X, n ,Y,T 2 ) D (bi)[X;Y] = 
= C cl (X,ri,y,r 2 ) n (bi)[X; Y] Vri G (top)[X] Vr 2 G (top)[Y]. 

(4.24) 

So, in (|4.24p . the set of homeomorphisms is defined. 



5 Some properties of ultrafilters of 
measurable spaces 

In this section, we fix a nonempty set E. We consider the very general 
measurable space (E,£), where C G 7r[E] is fixed also. According to 
necessity, we will be supplement the corresponding suppositions with 
respect to C. We suppose that ¥*(£) is the set of all families T G V'(C) 
such that 

(0 i F) k (A n B G F Vie J VB G F) & 

&i (VF G F VX G C (F C L) =>■ (L G J 7 )) . 
Elements of the set F*(£) are filters of C. In addition, 

F*(£) = {WG F*(£) [ VF G F*(£) ((W CJ)^(W = J 7 ))} 

(5.1) 
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is the set of all ultrafilters of C. Recall that (see |161 p. 29]) 

VJ"GF*(£) 3Ue¥* Q (C) : JcW (5.2) 

In the following, (|5.2p plays the very important role. 

We introduce the mapping : L — > V(¥*(C)) by the following 
rule: 

= {We F*(£) \LeU] VLeC. (5.3) 

We note that {E} G F*(£) and by F*(£) 7^ 0. In addition, we 
recall that (see Section 2) 

(UF)[E;£] = {$ £ (L) : L G £} G tt[FS(£)]; (5.4) 

by ([E1D the pair (F£(£), (UF)[E; £]) is a nonempty multiplicative 
space. We note some simplest general properties. We obtain that 

(5-set)[E] = {Ae P(E) | AnS ^ VS G £} G P(P'(E)) V£ G V'(V(E)). 

We note that B| A G &,L4] VB G /3 D [E] VA G (B-set)[E]. In addition, 
for A G 7>'(E) the inclusion C /3 G [E] takes place. Therefore, 

BU S /3 [E] VB G /3 [E] VA G (B - set)[E]. (5.5) 

With the employment of (|5.5j) . we obtain that, for any B G /3 [E] and 
A G (23- set) [E] 

(E - &)[B\ A ] 6 3[E] : ((E - fi)[B] C (E - fl)[B| A ]) & 

&(A£(E-fl)[BU]). lD - DJ 

Now, we return to the space (E,£). Suppose that 

^[E] = {SgP'(£)|(0^)& f5?1 
& (VBi G B V5 2 G B 3B 3 G B : B 3 C Si n £2)} 

(the set of filter bases of £); F*(£) C /3£[E] and 

/3£[E] = /? [E] n P(£) = {B G p o [E] I B c £}. 

We note the obvious property: J 7 n£ G F*(£) VJ 7 G 5[E]. In addition, 

(E-fi)[B|£] = (E-fi)[B]n£ = 
= {L G £| 35 G B : Bcl}e F*(£) VB G /3£[E]. 
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Using ([53]) and the obvious inclusion /3£[E] C /3 D [E], under B G /3£[E] 
and A £ (B — set)[E] n £, we obtain, that £|a G /3£[E]. We note that, 
under B G /3£[E] and Xe(B- set)[E] n £, the filter 

(E-fi)[£U|£]GF*(£) 

has the following properties 

((E-fi)[£|£] c (E-fi)[BU|£])&(Ae (E-fl)[BU|£]). (5.8) 

Of course, (E - fi)[J"| £] = T V J" G F*(£). We can use this property 
in dHSI): for any T G F*(£) and A G (J 7 - set)[E] n £, the filter 
(E - fi)[J"U | £] G F*(£) has the properties 

[Fd (E-fl)[^U|£])&(A€ (E-fi)[JT| A |£]). (5.9) 

In connection with (|5.9p . we recall the very general property: if 
B G ££[E] and 4 £ (6 - set)[E] n £, then £| A G /3£[E]. Using the 
maximality property, we obtain that 

(U - set)[E] C\C = U VW G F*(£). 

And what is more, F*(£) = {T G F*(£) | T = (T - set)[E] n £}. 
Of course, the above-mentioned properties are valid for 

£ G (LAT) [E]. (5.10) 

The following reasoning is similar to the construction of |13] § 3.6] 
connected with Wallman extension; in addition, later until the end of 
this section, we suppose that (|5.1U|) is valid (so, we fix a lattice with 
"zero" and "unit"). 

So, if U G F*(£), A G £, and B G £, then (under condition ([BTTU]) ) 

(AuBeW)^((AeW)v(BeW)) (5.11) 

The property (|5TTT1) is basic. As a corollary, G F*(£) VA G £ V-B G 
£ 

(iUB = E)^((4eW)V(Bel/)) (5.12) 
We note that by (|5.11|) the following property is valid: 

$i;(AUB) = ^(A)U$£(B) WLG£ V5g£ 

As a corollary, we obtain the property 

(UF)[E;£] G (LAT) G [F*(£)] (5.13) 

(so, under (|5.10p . the statement (|5.4p is amplified). In (|5.13p . we have 
the lattice of subsets of F*(£). This important fact used below. 
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6 Topological properties, 1 



As in the previous section, now we fix a nonempty set E and a family 
C G 7r[E]. We note the following obvious property: 

{L G £ | 3B G 6 : B C L} £ F*(£) Vi3 G /3 [E]. 

From definitions of the previous section, the following known property 
follows: VWi G F*(£) VW 2 G F*(£) 

(Wi ^ IA2) => (3A G Z/l 3B £U 2 : AnB = 0). (6.1) 

Moreover, we note that V£V G F*(£) 

{U} = f| { J" G F*(£) | L G T} = f| (6.2) 

Lew Lew 

Moreover, we note that tt[F*(£)] C (op - BAS)[F*(£)]. Therefore, by 

(UF)[E;£] G(op-BAS)[F:(£)]. (6.3) 
As a corollary, we obtain (see Section 2) that 

T*[E] ^ {U}((UF)[E;£])={G: G G 7>(F*(£)) | (f} 4) 

VWGG 3L£U: <§> C (L) C G} G (top)[F*(£)]. 

We recall the very known definition of Hausdorff topology; namely, we 
introduce the set of such topologies: if M is set, then 

(top) G [M] = {r G (top)[M] | Vmi G M Vm 2 G M \ {mi} 

3Fi G iV T (mi) 3# 2 G iV T (m 2 ) : H 1 nH 2 = 0}. 
For any set M we suppose that 

(c-top) [M] = (c-top)[M] n (top) [M]. 

If r G (c — top) [M], then TS (M, r) is called a compactum. Then, 
the obvious statement follows from the ultrafilter properties (see (|5.3]) . 

(BUI): 

THE] G (top) K(£)]. (6.5) 

So, by (16.51) (F*(£), T^[E]) is a Hausdorff TS. Of course, we can use 
the previous statements of this section in the case of £ G (LAT) [E], 
obtaining the Hausdorff topology (j6.5|) . But, in the above-mentioned 
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case, another construction of TS is very interesting. This construction 
is similar to Wallman extension (see |13|. § 3.6]). Moreover, in this con- 
nection, we note the fundamental investigation p3] , where topological 
representations in the class of ideals are considered. We give the basic 
attention to the filter consideration in connection with construction 
of Section 3 concerning with the realization of AS. In this connection, 
we note that P(E) G vr[E] and the sets ¥*(V(E)) and F*(P(E)) are 
defined. From (|3.ip and definitions of Section 5, we have the equal- 
ity F*("P(E)) = ^[E]. Moreover, from (|3.2p and the above-mentioned 
definitions of Section 5, the equality 

F*(V(E))=$ U [E) (6.6) 

follows. By these properties (see (]6.6[) ) the constructions of Section 3 
obtain interpretation in terms of filters and ultrafilters of measurable 
spaces. 

Now, we note one simple property; in addition, we use the inclusion 
chain F*(£) C F*(£) C /3 [E]. So, by ^ 

(E-fi)[.F] etf[E] V.FeF*(£). 
In particular, we have the following property: 

(E - fl)[W] G S[E] \/U G F*(£). (6.7) 
We note one general simple property; namely, in general case of £ G 

yU G F*(£) 3U G S U [E] : U = UnC. (6.8) 

Remark 6.1. We note that (|6.8p is a variant of Proposition 2.4.1 
of monograph |16j . Consider the corresponding proof. Fix U G F*(£). 
Then by 

V = (E - fi)[W] = {H G V(E) | 3B G U : B C H} G ff[E]. (6.9) 
From ([63D, we obtain (see Section 3) that £° [E| V] G P' (&,[£]). Let 

WGSu[E|V]. 

Then, W G 5u[E] and V C W. In addition (see Section 5), W n £ G 
F*(£). Let U G U. Then, C7 G £ and, in particular, J7 G P(E). By 
([63]) !/ £ V and, as a corollary, C7 G W. Then, C7 G W n £. So, the 
inclusion U C W PI £ is established; we obtain that 

Wn£ G F*(£) : U C Wn£. (6.10) 
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From flEE]) and ([67TO]) . we have the equality U = W n C. So, 

W G 5u[£] :W = wn£. 
Since the choice of U was arbitrary, the property (|6.8p is established. 

7 Topological properties, 2 

In this and following sections, we fix a nonempty set E and a lattice 
£ G (LAT) [£?]. We consider the question about constructing a com- 
pact Ti-space with "unit" F*(£). This space is similar to Wallman 
extension for a Ti-space. But, we not use axioms of topology and 
operate lattice constructions (here, a natural analogy with construc- 
tions of [14, ch. II] takes place). Later we use the following simple 
statement. 

Proposition 7.1.. (U¥)[E;C] G (cl - BAS)[F*(£)]. 

Proof. We use (pU3l) . In particular, G (UF)[E; £]. As a corollary, 

fl C = 0- (7-1) 

CG(UF)[E;£] 

Moreover, F*(£) = $ C (E) G (UF)[£; £] (see Q). So, (UF)[£;£] is 
a family with "zero" and "unit" . Moreover, by f)5. 13|) 

B 1 UB 2 e (UF)[E;C] V5i G (UF) V£ 2 G (UF) [£;£]. 

Therefore, by (|2.13p the required statement is realized. □ 
By (|2.15p and Proposition 17. II we have the following construction: 
{n}((UF)[£;£])G(clos)[F;(£)]. (7.2) 
Proposition 7.2.. The following compactness property is valid: 

C F;( £)({n}((UF)[£;/;]))G (c-top)[F*(£)]. (7.3) 
Proof. For brevity, we suppose that 

il = {n}((UF)[E;£]) (7.4) 
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and 6 = C F * (£) [il]. Of course, by U23]) 9 G (top)[F*(£)]. Moreover, 
under S G It, the family 

u[S] = {T G (UF) [E;£] \ S CT} G?'((UI) [E;C]) 

has the following obvious property 

S= f| T, (7.5) 
Teu[S] 

We have the equality il = Cv*(c)[®]- So, 11 is the family of all subsets 
of F*(£) closed in the TS 

(K(c),e). (7.6) 

Let r] be arbitrary nonempty centered subfamily of il (for any m G N 
and {Ti) i& Y^i G ?7 m the intersection of all sets T,, i G l,m, is not 
empty). If H G r?, then the family 

B H = {L G C\$c(L) G u[iT]} G V(C) (7.7) 
has the property: B# C £Y VW G H. Of course, 

£ = l^J B# G P'(£) 

is centered. Indeed, choose n G N and (Aj) iG Y^ £"• Let (Hi) iG Y^ G 
r/ n be a procession with the property: 

A, G Dg. Vj G T~n. 

Then, in particular, (Aj) ieT ^ G £™. In addition, by (17771) ^>/;(Aj) G 
u[flj] Vj G l,n. Of course, 

n n 

n^icfiMAi). 

Since the intersection of all sets i/j, z G 1, n, is not empty (we use the 
centrality of rj), we choose an ultrafilter 

n 

U G P| Fi. 

1=1 
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Then, Aj £ U under j £ l,n. By axioms of a filter (see Section 5) we 
obtain that 

n 
8=1 

Since £ is closed with respect to finite intersections, we obtain that 

{n} f (£) e V{L) : (0 i {n} f (£)) & (£ c {n} f (£)) . (7.8) 

Moreover, (|7.8|) is supplemented by the following obvious property; 
namely, 

Vfli £ {n} f (£) V£? 2 £ {n} f (£) 3i?3 e {n} f (£) i^c^n B 2 , 

From (foTTj) . we obtain that {n} f (£) £ P° C [E\. As a corollary, 

V= (£-fi)[{n} f (£)|£]£F*(£); 

in addition, by (jZEJ) £ C {n} f (£) C V. Finally, we use ([521). Let 
W £ F*(£) be an ultrafilter for which V C W. Then, £ C W. So, 

W £ F*(£) : £ C W. (7.9) 

Let M £ 77. Then, B M £ 7 : "(£) and the equality 

M= p| T (7.10) 

T€u[M] 

is valid (see JE5D). Choose arbitrary E £ u[M]. Then, S € (VF)[E;C] 
and M C E. Using (|5.4p . we choose D £ £ for which S = <&£(£>). 
Then 

D E £: $c{D) £ u[M]. 

By (J777J) -D £ B M and, in particular, D £ £. By £L9]) D £ W and, as 
a corollary, W £ $£(D); see f)5.3[) . So, W £ E. Since the choice of E 
was arbitrary, we obtain that W £ 5 £ u[M]. By f?TT0]) W £ M. 
So, we have the property: 

W £ H VH £ t}. 

Then, the intersection of all sets of r\ is not empty. Since the choice of 
r\ was arbitrary, it is established that any nonempty centered family of 
closed (in TS (j7.6j) ) sets has the nonempty intersection. So, TS (|7.6p 
is compact (see [TTHI3] ). □ 
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Using Proposition 17.21 by T^[E] we denote the topology (|7.3p ; so, 
T° C [E} ± C FS(£) ({n}((UF)[ J B;£]))G (c - top)[F*(£)]. (7.11) 
We have the nonempty compact TS 

(¥* (jC),T° c [E]). (7.12) 
Proposition 7.3.. IfU € F*(£), then {U} G {n}((UF) [£;£]). 



The corresponding proof follows from (|6.2p ; of course, we use (|5.4p 
also. From (|2.18p . (|7.1ip . and Proposition 17.31 we obtain the following 
property: 

T° C [E] G (e-top)[F:(£)]nCD-top)K(£)]. (7.13) 

So, by (|7.13|) we obtain that (|7.12p is a nonempty compact Ti-space. 

In conclusion of the given section, we note several properties. First, 
we recall that 

W* (£)\$c(L) = {UeW*(£)\LtU} VL G C. (7.14) 

In addition, from (|7.1ip . the obvious representation follows: 

T° C [E] = {G G V(¥* (C)) | VU G G 3L G C \ U VV G F*(£) 
((^V)^(VeG))}. 

(7.15) 

With the employment of (|7.15p the following statement is established. 
Proposition 7.4. .IfUe F*(£), then the family 

ipu = {F* (£)\<S> C (L) : LeC\U} 
is a local base of TS l \7.1ity at U : 

{<Pu C N T o Ae] (U)) & (VH G N T o AE] (U) 3B G Vu ■ B C H). 
The proof is obvious. So, by (|3.4p and Proposition 17.41 
{F*M \ $ C (L) : LG£\U}e(U- bas) [T£[£]] W G ¥* Q (C). 
We note that, from definitions, the following property is valid: 

F*(£) \ $ £ (L) G T° C [E) VL G £. (7.16) 
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8 The density properties 



In this section, we continue the investigation of TS (|7.12p . Of course, 
we preserve the suppositions of Section 7 with respect to E and £. 
But, in this section, we postulate that {x} G £ Vx G E. So, in this 
section 

£ G (LAT)°[£] (8.1) 

unless otherwise stipulated. So, £ G (LAT) [£J] and {x} G £ Vx G E. 
Therefore, with regard (|3.9p and (|8.ip . we obtain that 

(E - ult)[x] n £ = {L G £| x G L} G F*(£) Vx G £. (8.2) 

Of course, for any x G E, the inclusion {x} G [E — ult)[x] n £ is valid. 

Proposition 8.1.. F*(£) = &[{(E - ult)[x] n £ : x G E},T° C [E]). 

Proof. Let U G F*(£) and M G iV T o [E] (W). We use Proposition El 
Namely, we choose a set L G £ \ U for which 

F*(£)\$ £ (L) CM. (8.3) 

Since E G U by axioms of a filter (see Section 5), we obtain that L^E. 
In addition, L G £ and by ([23]) and ((HU) LcB. So, £\L ^ 0. Choose 
arbitrary point e G i?\L and consider the ultrafilter 

£ = (E — ult)[e] n £ G F*(£); (8.4) 

see (|8.2p . In addition, {e} G £. As a corollary, by definitions of Section 
5 

(LG£)^(Ln{e}/0). (8.5) 

But, L n {e} = by the choice of e. Therefore, by (J8J)]) L £ £. From 
(|5.3p we have the property f ^ $£(L). As a corollary, by f|8.4|) 

£ G F*(£) \ * £ (L). (8.6) 

From (H3D and ([8TS]> . we obtain that f G H. By (|E3D 

{(£-ult)[x]n£: xG£}nH/0. (8.7) 

Since the choice of EI was arbitrary, 

W G cl({(£-ult)[x]n£: x G E},T° C [E}). 

Since the choice of U was arbitrary, the inclusion 

F*(£) C cl({E - ult)[x] n £ : x G E}, T° C [E]) 

is established. The inverse inclusion is obvious (see (]7. 1 1 1) ) ■ □ 
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So, we obtain that trivial ultrafilters (|8.2|) realize an everywhere 
dense set in the TS (|7.12p . 

Returning to (|7,lip , we note one obvious property connected with 
(|7.16p . Namely, by (|2. 14[) and Proposition 17.11 in general case of 
£ G (LAT) [£] 

C F , {£) [(W)[E; £}] G (op - BAS) R(£)] 

and, in particular, C F , (£) [(UF)[£; £]] G (op - BAS)[F*(£)]; then, for 
Ci ! I.. !,//•.' 

{U}{C n{c) [(m)[E;C]})E(to V )[¥* (C)}. 

And what is more by (|2.17p . (|7.1ip . and Proposition 17. 1\ in general 
case of C G LAT) [E] 

T° C [E] = C nic) [{n}{(V¥)[E;C})]= {U}(C F;(£) [(UF)[£; £,]]) ; (8.8) 

so, by flgSD C F , (£) [(UF)[£;£]] is a base of topology (I7TT]1 . We recall 
that by (USD and (|Oj> . for general case of C G (LAT) [E] 

C F , (jC) [(UF)[^;£]]={F*(£)\S: 5e(OT)[£;£]} = 
= {F*(£)\$ £ (X): Le£}. 

Connection with Wallman extension. Let r G (£> — top)[-E]. 
Then, C B [r] G (clos)[£] and by (gjg) {x} G Cg[r] Vx G £. Using 
P?7]> . we obtain that C E [r] G (LAT) [J5]. With the employment of 
the above-mentioned closedness of singletons, by the corresponding 
definition of Section 2 we obtain that 

C e [t] G (LAT)°[E]. (8.10) 

Until the end of the present section, we suppose that 

C = C e [t}. (8.11) 

So, in our case, (E, C) is the lattice of closed sets in Ti-space. Then, 
(|7.12p is the corresponding Wallman compact space (see [HI ch. 3]). 
On the other hand, by (|8,10p and (|8,lip we obtain that this variant of 
(E, C) corresponds to general statements of our section (for example, 
see (|8.2p and Proposition 18. ip . In this connection, we consider the 
mapping 

x i — > (E — ult) [x]Ci C : E — >¥* {£); (8.12) 
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we denote the mapping (187L2J) by f. So, f G ¥* (C) E and 

f(x) = (£-ult)[x] n£ Vx G E. 

Consider some simple properties. First, we note that f is injective: 

Vsi G E Vx 2 G E 

(f(xi) =f(x 2 ))=^ (xi = x 2 ). (8.13) 

Indeed, for x± £ E and X2 £ E with the property f(xi) = f(x 2 ), by 
(|3.9|) we have that {xi} G f(x 2 ) and, as a corollary, x 2 G {^l}; so, 
xi = x 2 . 

Of course, f is a bijection from E onto the set 

i l {E) = {(£-ult)[x]n£: x G £} G 7>'(F*(£)). (8.14) 

If L G £ and x £ E, then (L G f(x))o (x € L). As a corollary, we 
obtain that 

{- 1 (^ C {L))=L VLeC. (8.15) 

Remark 8.1. Of course, in (|8.15|) . we use the representation 
dSHU). Fix L G C. Let x* G f^ 1 (<£> £ (L)) . Then x* G E and 
f(x*) € $c(L). By (15. 3p L € f(x*) and, as a corollary, x* € L. So, 

f- 1 ($ £ (L))c L. (8.16) 

If x* G L, then L G f(x*); see (I8T2D . Therefore, bv (jO|) f(x*) G 
and, as a corollary, x* G f" 1 (<&c(L)) . So, L C f -1 ($£(L)) . Therefore 
(seedESJ) L and f^ 1 ($ z: (L)) coincide. 
From fj5.4j) and (j8. 15[) . we obtain that 

r x {B) G C \/B G (UF) [#;£]. (8.17) 

Proposition 8.2.. f G C(E,t,¥* (C),T° c [E]). 

Proof. We use the construction dual with respect to (I4.20p . Let F G 
C K{£) [T° C [E]]. Then, by fl£B) F G {n} ((UF) [£;£]) . Therefore, for 
some J" GP'^UF) [£;£]) 

Be.F 

As a result, we obtain that 

f-\F)= f| f" 1 ^), (8.18) 
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where f _1 (-B) € £ VB £ J; see (IgTTj) . By (J23JI, (|2^|> . (fSTTTT) . and 

(I8J81) we have the property: A = {f _1 CB) : G J 7 } € P'(Ce:[t]) 
and 

f- x (F) = f| A G C e [t}. (8.19) 

Aga 

Since the choice of F was arbitrary, from (|8.19p we obtain the required 
continuity property (see [EJ (2.5.2)]). □ 

Corollary 8.1. . f £ C{E,r^{E),T° c [E]\ tl{E) ). 

Proof. Recall that f(x) G f^F) Vx G F. In addition, by ([STUD 

f 1 ^) = {f(x) : x££}cF;(£). 

Let G G T£[F]| fl(B) and T G T£[F] realizes the equality G = i x (E) n 
r. By Proposition 18.21 

f -1 (T) G r. (8.20) 

In addition, f" 1 (G) C f" 1 ^) (indeed, G C V). Let x* G f-^r). 
Then, x* G F and f(x*) G I\ But, f(x„) G f^F) too. Then, f(x*) G 
f x (-E) n T. So, f(x*) G G. Therefore, x* G f _1 (G). Since the choice of 
x* was arbitrary, the inclusion 

f -1 (T) C f _1 (G) 

is established. So, f^G) = f -1 (r). % Mi]) f-^G) G 

r. Since the choice of G was arbitrary, the inclusion f G 

C (F, t, f 1 (F) , T£ [E\ | fl .„) is established. □ 

Recall that f G (bi) [E; f 1 (F)] (see (|OB ). 
Proposition 8.3.. f G G op (F, r, f^F), T£[F]| fl(£) ). 

Proo/. Let G G r. Then f x (G) = {f(x) : x G G} and F = E \ G G 
C b [t]. By F G £. In addition, by ([O]) 

$ £ (F) = {WGF;(/:)|FGW}. (8.21) 

Of course, by Q ^(-F) G (UF) [£;£]. Then 

F:(£)\f £ (F)eC F , (£) [(UF)[F;£]]. 
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As a corollary, F*(£) \ <S>c(F) G T° C [E]. Therefore, 

G = f 1 (i?)n(F:(£)\^))G^[£]| fl(£) . (8.22) 

Now, we compare f x (G) and G (^221) . Let V G f^G). Then, for some 

x x G G, 

V = f(a;0 = (-E-ult)[ar,]n£. (8.23) 

Of course, G £ (B- ult)[z*]. By F £ (E - ult)[a;»] (indeed, 

GnF = i ^ (£ - ult)[x*]). By (|g231) F ^ V and, as a corollary, 
V £ see (^221) . We obtain that 

VeF;(£)\$ £ (F). (8.24) 

Since f x (G) C f 1 ^), we have the inclusion V G f 1 ^). Using (1Q21 
and (|8.24p . we obtain that V G G. The inclusion 

f x (G) C G (8.25) 

is established. Choose arbitrary W G G. Then, by (18.22[) . for some 
x* G F, the equality W = f(x*) is valid. So, 

W = CE-ult)[z*]n£. (8.26) 

Moreover, W G F*(£) \ $ £ (F). So, W £ <$>c{F). By (^22|) F £ W. 
Since F G £, by (fOl F £ (E - ult)[x*]. From (J3T9]), the property 
x* £ F follows. Then, x* G E\F. Therefore, x* G G. As a corollary, 
W = f( s *) e fi(G). The inclusion G C f x (G) is established. Using 
([Q5]) . we obtain that f x (G) = G. By (^221) 

f^GT^]^. 

Since the choice of G was arbitrary, by Corollary 18.11 and ()4.22p we 
have the inclusion 

f €C op {E,T,i\E),T° c [E}\^ E) ). □ 

By P~24"D . (l8T3j) . and Proposition E3 we obtain that 

f G (HomJ^jrjf 1 ^;^^!^]. (8.27) 

So, we construct the concrete homeomorphic inclusion of Ti-space in 
the compact Ti-space (in this connection, we recall that by Proposi- 
tion O 

¥* (C) = cl{f 1 (E) 1 T c [E]); 
moreover, see (|7.13p ). So, we have the "usual" Wallman extension. 
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9 Ultrafilters of measurable space 



In this Section, we fix a nonempty set I and an algebra A of subsets of 
I. So, in this section, (I, ^4) is a measurable space with an algebra of 
sets: A G (alg)[I]. Of course, we can to use constructions of Section 5; 
indeed, in particular, we have the inclusion A G (LAT )[I]; see (|2.10p . 
As a corollary, by (f!Tl|) A G tt[I]. So, we use the sets ¥*(A) and F*(.4) 
of Section 5; we use properties of these sets also. We note the known 
representation (see [T51 ch. I]): 

¥* (A) = {F G ¥*{A) | VA G A (AeJ)V(I\Ae T)}. (9.1) 

Now, we use (|9.ip for investigation of TS (|7.12p in the case C = A. 
First, we note the obvious corollary of <\9.1b : 

F* {A)\$ A {A) = $ A {I\A) VAgA (9.2) 

Remark 9.1. Let A £ A is fixed. Choose arbitrary U\ G F*(A) \ 
$a(A). Then by (TTbUl A <£ U x . By d9UJ) I \ A G Ui, where I \ A G A 
by axioms of an algebra of sets. So, by (15. 3ft U\ G ^ A {\ \ A). The 
inclusion 

F:(A)\$ A (A)C$ A (I\A) (9.3) 

is established. Let U 2 G $a(I \ A). Then, by ([O]) ^2 G F*(A) and 
I \ A G • By axioms of a filter 

(AGW 2 ) =*► (An(I\A) 7^0). 

So, A <£U 2 and W 2 £ $^(A). As a corollary, ^ 2 G F*(A) \ <f> A {A). So, 
the inclusion 

$ A (I\A)cW*(A)\$ A (A) 

is established. Using (|9.3p . we obtain the required coincidence F*(A)\ 
® A (A) and $a(I\A). □ 

Returning to (|9,2p in general case, we note the following obvious 

Proposition 9.1.. (UF)[I; A] = C n{A) [(V¥)[I; A]]. 

Proof. Let B D G (UF)[I;A]. Using ([53]), we choose L a £ A such that 
5 = $ A (L ). Then I \ L G A and by fl9Jl 

¥* (A) \ B = ¥* (A) \ $ A {L ) = $ A (1 \ L ). (9.4) 
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From (|5.4p . we have the obvious inclusion <!> A (I\L ) G (UF)[I; A]. By 

dH3D 

Therefore, we obtain the following property: 

B = F* (A)\(F* (A)\B )=F* (A)\$ A (I\L ) G C F * (A) [(UF)[I; A]] . 

The inclusion (UF)[I;^] C C W * {A) [(UF)[I; .A]] is established. Choose 
arbitrary 

AGC F , ( ^[(UF)[I;i]]. (9.5) 

Using fl2J|, we choose B° G (UF)[I; A] such that A = F*(^) \ B°. Let 
L° eAbe the set for which B° = $ A (L°); see Then, by (JO]) 

A = F:(^)\^(L°) = ^(I\L°), (9.6) 

where I \ L° G A Since by (JS3]) \ L°) G (UF)[I;.4], from (l9i)jl . 

we obtain that 

A G (UF)[I;.4]. 
Since the choice of A (j9.5j) was arbitrary, the inclusion 

C n{A) [(UF)[I;A]}c(V¥)[I;A] 

is established. So, we obtain the required equality. □ 

From (|6.4p . (j8.8h . and Proposition 19.21 the simple (but useful) 
statement follows. 

Proposition 9.2.. T^[I] = T^[I]. 

So, for measurable spaces with algebras of sets, the topological 
representations of Sections 6 and 7, 8 realize the same topology. By 
(|63j) . (|7TT3j) . and Proposition [O] 

T^[I] G(c -top) [F*(.4)]. (9.7) 

So, we obtain a nonempty compactum. Recall that (see (17.11(1 . Propo- 
sition E2D 

{n}{(V¥)[I;A])=C n{A) [T A [I}] (9.8) 

is the family of all sets closed in the sense of topology (|9.7p . We note 
the following obvious property (see |15( ch. I]) 

(UF)[I;^l]G(alg)[F*(^)]. (9.9) 
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Remark 9.2. We recall Let T G (UF)[I;„4]. Using ([53]), we 

choose A £ A such that T = $4 (A). Then, I \ A € -4 and by (|9T2"]) 

F^(„4) \ r = F*(.A) \ $^(A) = ^(1 \ A). (9.10) 
By ([53D and flQfl F*(.4) \T € (UF)[I;.4]. So, we establish that 

¥* (A) \H G (UF)[I;„4] Vi? G (UF)[I;^]. (9.11) 
From (I2TTU1) . (15^1 . and (I9TTTT) . the property (JUSJ) follows. 
Proposition 9.3. . (UF)[I; A] = T^[I] n C ¥ * (A) [T^[l]] . 
Proof. Recall that by statements of Section 2 and (19. 8p the inclusion 
(UF)[I;i]cC F . M [T^[I]]. (9.12) 
From d63D, the inclusion (UF)[I;.4] C T* A [E] follows too. So, by 

(UF)[I; X] C T^[I] n C F;( ^ [T A [I]} . (9.13) 

Let n G T^[I] n C FS(-4) [T^[I]]. Since ft is open, then by §6A$) we 
obtain that, for some family 

W G V({UF)[I;A]), (9.14) 

the following equality is realized: 

n= (J W. (9.15) 

If 2B = 0, then by (l97l5j) ft = and, as a corollary, SI = $a(0), where 
G .4. So, by (|5.4|) we obtain the implication 

(2U = 0) (ft 6 (UF)[I;A]). (9.16) 

Let 2B / 0. Then, 2B G 7>'((UF)[I; .4]). Since SI is a closed subset of a 
compactum, we have the compactess property of ft; then, by (|9.14p . 
for some K G Fin(2B) 

ft = (J W. (9.17) 

In particular, K G Fin((UF)[I; A]) ■ We note that (UF)[I;.4] is closed 
with respect to finite unions (indeed, by (|9.9p (UF)[I;^4] is an algebra 
of sets). Therefore, by (l9T7j) ft G (UF)[I; A] in the case 2H ^ 0. So, 

(2H^ 0) (ft G (UF)[I;A]). (9.18) 
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Using ((97161) and ((515]) . we obtain that G (UF)[I; A] in any possible 
cases. Since the choice of f2 was arbitrary, the inclusion 

T^I] n C n{A) [T* A [I]} C (UF)[I; A] (9.19) 

in established. From (|9.13p and (|9,18p . the required statement follows. 

□ 

So, (UF)[I; A] is the family of all open-closed sets in the nonempty 
compactum 

{¥* (A),T A [I})= {¥* (A),T A [I}). (9.20) 

In connection with the above-mentioned property of nonempty com- 
pactum (|9.20p . we recall [T5J ch. I]. With the employment of (|9.ip . the 
following obvious property is established: in our case of measurable 
space with an algebra of sets 

(I-ult)[x]nAe¥*(A) VxGl. (9.21) 

Remark 9.3 For a completeness, we consider the scheme of the 
proof of (|9.2ip . For this, we note that by (|3.9p and the corresponding 
definition of Section 5 

(I - ult)[x] n C G F*(£) V£ G tt[I] Vx G I. (9.22) 

In particular, by fljEZZD (I - ult)[x] n A G ¥*(A) Vx G I. Fix x* G I 
and suppose that 

J 7 * = (I-ult)[x*] DA; 
of course, J 7 * G F*(^4). In addition, .4 C V(T). Then, VA G A 

(x* G A) V (x* (9.23) 

Of course, by fl3.9f) . for i G ^, we have the following obvious implica- 
tions: 

g A) ==> (A g 7",)) & ((x* eI\A)=> (I\AeJ*)), 

Then, by (^~23l) G J*) V (I\Ae7 t ). Since the choice of A was 
arbitrary, by JEU 7"* G F*(.A). So, (IOTP is established. 
Using ()9.2ip . we introduce the mapping 

(A - ult)[I] = ((I - ult)[x] n A) xel G F^) 1 . (9.24) 
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Of course, in (|9.24p we have analog of the mapping f (|8.12p . But, in 
the given case, we realize the immersion of points of the initial set in 
the ultrafilter space under other conditions. We will use the specific 
character of measurable space with an algebra of sets. Now, we note 
the obvious property: 

(Vx G I Vy G I \ {x} 3A£A:(xeA)k(y(£ A))=> ( , 

=► ((A-ult)[l] g (bOfc^-ultJ^OQ]). 

In (|9.25p . the statement of the premise has the following sense: algebra 
A is distinguishing for points of I. 

If J G V(A), then by analogy with Section 4 we suppose that 

(F* ( A\J) = {F G F* ( A) | J C T}) & 
k(¥* Q (A\J) = {U e¥* Q (A)\J CU}); 

of course, ¥*(A | J) C ¥*(A j J) and moreover the following property 
is valid: 

\/T e¥*(A\J) 3U £¥* {A\J) : J 7 CU. (9.27) 
Returning to (|9.25p , we note that 

(A-ult)[I}- 1 (¥* (A\l))= p| A VTeP'(A). (9.28) 

Ae J 

In (I9.28p . we can use I as constraints of asymptotic character. Of 
course, F* (A) C F*(A) C /3^[I] C /3 [I] (see Section 5). Then, by 



(I - B)[U] = {H G \3B GU : B C i?} G VW G F*(A). 

(9.29) 

By analogy with ([9^9]) we note that F*(A) C /3 [I] and (I - fi)[7"] G 
VJ 7 G ¥*{A). These properties permit realize an asymptotic 
analogs of solutions of the set (|9.28p . In this capacity, we can use 
elements of the sets ¥*(A\1) and ¥* Q (A\1), where 1 G V'{A) is used 
as "asymptotic constraints". Of course, A bounds our possibilities: 
we can use only subfamilies of A. 

Proposition 9.4.. ¥* {A) = cl({A - ult)^] 1 ^), T^[I]) . 

Proof. Fix T G ¥* {A). Let A G T. Then A G V'{1). So, A ^ and 
A C I. Choose arbitrary a G A. Then, by (I9.24|) 

(I - ult)[a] n A = {A - ult)[I](a) £ (A — ult)^] 1 ^). (9.30) 
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By the choice of a we have the inclusion A G (I — ult)[a]. Since J- C A, 
we obtain that A G A. Then, by Half A e (I - ult)[a] n A. Since 
(I - ult)[a] n A G K(A), by (JO]) 

(I-ult)[a] n.4 G (9.31) 

By (|9.30p and (|9.3ip we obtain the following property 

^(^)n(^l-uit)[i] 1 (i)/0. 

Since the choice of A was arbitrary, we have (see (|8.3p ) the statement 

<f> A (L) n(A- ul^I] 1 ^) + ML G T . (9.32) 

Choose arbitrary Q, G -/Vr*^ (J 7 ) . Then, for some fi G [i](^ 7 )i the 
inclusion C is valid. Therefore, G T^[I] and J 7 G 0°. By 
(|6.4p . there exists A G J 7 such that 

$^(A) C 0°. (9.33) 

From (p?~3"2"D . the property $a(A) n (.A - ult)^] 1 ^) ^ is valid. By 
(|9.33p we obtain that 

nnCA-uitJpq 1 ® #0 

(indeed, $.4 (A) C fi). Since the choice of Q was arbitrary, 

5n(^l-ult)[l] 1 (l)/0 VSeA^GF). 

Then, T G cl((A - ul^I] 1 ^), T^[I]) . So, the inclusion 

F^ccl^-ult)!!] 1 ^),^!]) 
is established. The opposite inclusion is obvious. □ 

We note that Proposition 19.41 is similar to Proposition 18.11 But, in 
the given section, the condition 

{x} G A Viei (9.34) 

was supposed not. In construtions of Section 8 (in particular, in 
Proposition l8.ip . the condition similar to (19.34[) is essential. So, Propo- 
sition [93] has the independent meaning. 
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10 Attraction sets under the restric- 
tion in the form of algebra of sets 

In the following, we fix a nonempty set E, a TS (H, r), where H^0, 
and a mapping h G H E . Elements e G £" are considered as usual 
solutions and elements y G H play the role of some estimates. The 
natural variant of an obtaining of y is realized in the form y = h(e), 
where e € E. But, we admit the possibility of the limit realization of y. 
This is natural in questions of asymptotic analysis. In the last case, it 
is natural to use "asymptotic constraints" in the form of a nonempty 
subfamilies of V{E). Then, we obtain constructions of Section 4 under 
X = E, Y = H, and / = h. But, we admit yet one possibility: along 
with "usual" AS, we use the sets 

{r-AS)[E\A] = {yeH\3Te¥*(A\e) : h l [T]^y} 
V„4g (alg)[£] V£ eV'(A). 

Of course, we use remarks of the conclusion of the previous section. 

Proposition 10.1.. If A G (alg)[£] and £ G V'(A), then 

(t-AS)[£\A] = {y G H\3U G ¥* d (A\£) : \i l [U]^y}. (10.2) 

Proof. We use reasoning analogous to the proof of Proposition 14.21 
We denote by ft the set on the right side of (fHOJ) . Since F*(„4| £) C 
F*(.4| £) (see Section 9), by (fPuO]) 

ft c (r- AS)[£\A]. (10.3) 

Let y a G (r - A§)[£| A]. Then, by (fTOTD y c G H and, for some T G 

h 1 ^]^^. (10.4) 

Recall that J" G (see Section 9). Therefore, by (J4A]) h^T"] G 

A>[H]. Then, (fTOl"]) denotes that 

N T (y ) C (H-fTjfh 1 ^]] (10.5) 

(see (|3.5p ). In addition, by the choice of J- we have the inclusion 
£ C F; see (|936|) . By (IOTP , for some il G F*(yi| £), the inclusion 
J 7 C it is valid. Then, 

h 1 ^] Ch^il]. 
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As a corollary, bv (|3.3p and (|10.5p 

N T (y ) C (H — fi) [h 1 [T]} C (H - fi) [h 1 [11]] , 

where h^il] G /3 [H] (see Section 9). Then, by (J33|) 

h x [il]^y . (10.6) 

By definition of fi we obtain that y a G fi. Since the choice of y a was 
arbitrary, the inclusion 

(r- AS)[£|.A] C (10.7) 

is established. Using (|10.3p and (|10.7p . we obtain the required equality 

(t-AS)[£\A]=£1. (10.8) 

From the definition of fi and (fTOBj) . we obtain (fT02]) . □ 

Recall that € (alg)[#] and therefore 

(t-A§)[£\V(E)] eV(H) V£eV'[V(E)). 

By definitions of Section 3, (16.6p . and (I9.26P we obtain that 

= ¥* [V{E)\£) V£eP'(V(E)). (10.9) 

From Propositions 14.21 and 110. ll we have (see (|10.9p ) the property: 

(as)[E;U;r;h;£] = (r - AS)[S \ V(E)] \/£ G V'{V{E)) . 

So, our new construction is coordinated with AS of Section 4. More- 
over, under A G (alg)[i£], we can consider AS (as) [E; H; r; h; £] for 
£ G V'{A). 

Proposition 10.2.. If A G (alg)^] and £ G P'(^4), then 

(t-AS)[S\A] C (as)[£;H;r;h;£]. (10.10) 

Proof. We use Choose G (r — AS) [5 | A]. Then, G H and, 

for some £4 £ F*(A\£), the convergence 

h 1 ^*]^* (10.11) 

is valid. Then, U* G F*(A) and ^CW»; see (|936l) . By (JES]) for some 
^* G 3u[£], the equality W* = U* n .4 is valid. Then, £ C U*. As 
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a corollary, U* £ ^°[£'|£']. Now, we return to (jlO.lip . In addition, 
W* € /3 [i?]. Therefore, h 1 ^*] G /3 [H] and by 

(H-fi^h^GSpH]. 

From (j3.5[) and (jlO.lip . we have the obvious inclusion 

iV T (j/0 C (H-fl)[h x [W*]]. (10.12) 

In addition, U* G (3 [E] and h 1 ^*] G /3 D [H]; see dH}. Since U*CU*, 
the inclusion h 1 [W*] C h 1 [W*] is valid. As a corollary, by (|3,3p 

(H-flJfh^C (H-fTjfh 1 ^*]]. 

Using ()10.12p . we obtain the basic inclusion 

N T (y*) C (H — fi) [h 1 [W*]] . (10.13) 

From (j3.5[) and (|1Q. 13p . we obtain the following convergence 

h x [W*]^y*. (10.14) 

So, £Y* G ^° [E | £] has the property (|10.14p . Then, by Proposition S3] 

y* G (as)[£;H;<r;h;£]. 

Since the choice of y* was arbitrary, the required inclusion (jlO.lOp is 
established. □ 

So, by (jlO.ip and (|10.2p some "partial" AS are defined. Of course, 
the case for which (jlO.lOp is converted in a equality is very interesting. 
For investigation of this case, we consider auxiliary constructions. In 
the following, in this section, we fix A G (alg)[i£]. So, (E, A) is a mea- 
surable space with an algebra of sets. In this case, we can supplement 
the property (|6.8p . Namely, 

UnA£¥* (A) We$ u [E]. (10.15) 

Remark 10.1. We omit the sufficiently simple proof of (I10.15P - 

Now, we are restricted to brief remarks. Namely, by ultrafilter 
U G 3u[-E] we can realize a finitely additive (0,l)-measure /x on the 

family V{E) supposing that n{L) = 1 under L G U and /x(A) = 
under A G V(E) \ U. In connection with such possibility, we use [9j 
(7.6.17)] (moreover, see [U (7.6.7)]). The natural narrowing v of [i 
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on our algebra A is finitely additive (0,l)-measure on A (of course, 
v = 0| A)). Therefore, for some V G F*(„4), by [9, (7.6.17)] v is defined 
by the rule 

(u(A) = 1 Vj4 G V) &; (i/(2) = vl G „4 \ V) . (10.16) 

On the other hand, the family U D A realizes v by the obvious rule: 

(u{A) = 1 ViGWnijfe (u(A) = Vl G .4 \ (U n A)) . (10.17) 

From (|1U.16|) and (|1U.17|) . the required equality U n A = V follows. 
Then, by the choice of V we have the inclusion U D A £ F*(„4). 
Using (|6.8p and ()10. 15j) . we obtain that 

F*(A) = {UCiA : U £ $ U [E]}. (10.18) 

By (|10.18p we establish the natural connection of {fuf-S'] an d F*(„4). 
Now, we consider some other auxiliary properties. 

If B £ /3 [H] and z £ H, then we have the following equivalence 

(B^z) ^ (N?(z) c (H-fl)[B]). (10.19) 

Of course, we can use instead of B the corresponding image of a filter 
base in E. Indeed, by gUJ and (fT0TT9l) MB G VzGH 

(h^^z) (iV T °(z) C (H-fTjfh 1 [£]]). (10.20) 

Moreover, in connection with (I10.20p . we note that MB £ 
Po[E] VzGH 

(h^^ar) <=► (h- l [JV^(z)] C (^-fi)[fi]). (10.21) 

Remark 10.2. Consider the proof of (I10.21|) . Fix B G f3 [E] and 
z G H. Let h 1 [B] 4> z. Then, by (fT03U|) 

«?Wc(H-fl)[^]. 

Therefore, for any G* G N°(z) there exists £ B such that h 1 (S*) C 
G*. As a corollary, 

5, c h- 1 (h 1 (S,))c h-\G*). 
Then, h _1 (G*) £ (E — fi)[£>]. Since the choice of was arbitrary, 

h^K^c^-fi)^]. 
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So, Qol x [B[=^>z) =► (h- 1 ^^)] C (E-G)[B\). Let 

h -1 ^^)] C (E — Q)[B\. (10.22) 

Choose arbitrary neighborhood G* G N°(z). Then, by (|1U.22|) 
h _1 (G*) € (E - S)[B}. Therefore, for some B* G B, the inclusion 
5* C h-^G*) is valid. In addition, h 1 ^*) G h 1 ^] and 

h 1 ^*) c h 1 (h- 1 (G*))c G*. 

Then, G* G (H — fl)[h x [B]]. Therefore, N°(z) C (H - fVjfh 1 ^]] and 
by (fTO20D h^B]^*. So, 

(h" 1 ^)] C {E-&)[B\)=> (h l [B]^z). 

The proof of (|1Q.21|) is completed. 

We note that, in ()10.21|) . we can use instead of B arbitrary filter of 
(E,A). In this connection, we recall that by constructions of Section 
5, for any T G ¥*(A), we obtain (in particular) that T G /3 [E] and 

(E-R)[T] n A = (E-fL)[T\A] = T. (10.23) 

Then, from (jl0.21 1) and (|1Q.23|) . we have the following property: VJ 7 G 
¥*(A) VzGH 

(h 1 ^]^*) (K(z) C (H-fi)^]). (10.24) 

Of course, (J10.24I) is the particular case of (|10.21D : in (|10.23l) . we 
have the useful addition. We note that \/B G /S [H] Vz G H \/Z G 
(z — bas) [r] 

(B^ Z )^(ZC(H-Ii)[g]). (10.25) 

Remark 10.3. Fix B G /3 D [H],z G H, and Z G (z - bas)[r]. 
Consider the proof of (110. 25ft . By fj3.4f) and (13.5|) we have the following 
implication 

(B^z) C (H-fi)[0|). (10.26) 

Let Z C (H - fi)[B]. Choose arbitrary 5 G iV r (z). Then, by fl2TTgj) . 
for some ZgZ, the inclusion Z C <S is valid. Since Z G (H — fi)[B], 
by filter axioms (see 13. ID ) S G (H — fi)[B]. So, the inclusion N T (z) C 
(H — fi)[B] is established. By (|3.5p we have the convergence B=>z. 
So, 

(Zc(H-fi)[6])^(B44 
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Now, with the employment of (|10.26j) . we obtain ()10.25j) . 

We note the following obvious corollary of (|10.25p (in this connec- 
tion, we recall (flO^T]) ): MB G /3 [E] Vz G H 

(h^Bj^z) (3Z G 0-bas)[r] : hT l [Z\ C (E-fL)[B\). (10.27) 

Remark 10.4. Consider the proof of (|1U.27|) . We fix £ G 

and z G H. Since N°(z) £ (z — bas)[r] (see (|3.4p and definitions of 
Section 3), by (110211) 

(h^Bj^z) =^ (32 G (z-bas)[r] : h -1 [2] C (£-fi)[5]). (10.28) 

Let the corollary of (|10.28p is valid. Fix 3 G (z — bas)[r] with the 
property 

h" 1 [3] C (E-h)[B\. (10.29) 

Let G G N°(z). Then, by (GO}, for some B G 3, the inclusion BcG 
is valid, where h _1 (B) G h _1 [3]. By ([T0291 h _:L (B) G {E - R)[B] 
and h _1 (B) C h _1 (G). From and (pTB"]) . the inclusion h _1 (G) G 

(i£ — fi)[£>] follows. Since the choice of G was arbitrary, the inclusion 

h^K^c^-fi)^] 

is established. By (|10.21|) h 1 [B\ z. So, we obtain that 

(3Z G (z-bas)[r] : hT l [Z\ C (E-fi)[B])=> (h 1 ^] 

Using the last implication and (|10.28p , we obtain the required property 
(110271) . 

Using (jlO. 151) . we obtain the obvious corollary of (j!0.27p : \TU G 
Su[E] WGH 

{h l [UDA}^z) o (3Z G (z-bas)[r] : h^Z] C (fi-fl)[Wfl4]). 

(10.30) 

Remark 10.5. Consider the proof of (|10.30p fixing U G Suf-S'] an d 
z G H. Then, by (jl0.15l) W n A G F*(.4). In particular (see Section 9), 
UnAe (3 [E]. Now, ([TO30D follows from (T1027D . 

Condition 10.1. . Vz G H bas)[r] : h.~ l [Z} C A 

Remark 10.6. It is possible to consider Condition 1 1 . 1 1 as a weak- 
ened variant of the measur ability of h. The usual measur ability of h 
is not natural since A is only algebra of sets. 

Until the end of the present section, we suppose that Condi- 
tion [TOl] is valid. 
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Proposition 10.3.. If Condition \10.1\ is fulfilled, then (t — AS)[£] = 
(as)[£;H;T;h;£] V5 G P'(.A). 

Proo/. Let Condition [TOTI be fulfilled. Fix £ £ P'(^4) and z G 
(as)[£; H; r; h; £]. Then, z G H and, for some U G 5] 

\^\U\^z (10.31) 

(see Proposition 14. 2p . Then, by (jl0.21 1) and (jl0.31 1) we have the inclu- 
sion \T x \N°{z)\ C U, since (E - fl)[W] = W by (|3TT|) . As a corollary, 

h _1 [JV T (s)] cZi 

(indeed, for G N T (z), we can choose G G N°(z) such that G C 
therefore, by ([2T]) h^G) G W, h _1 (G?) C h _1 (^")> and b Y (ED 
h _1 (i7) G U). By Condition 110.11 there exists Z e (z — bas)[r] such 
that h _1 [Z] C A. In addition, 

hT l [Z] C h -1 ^^)] C U; (10.32) 

therefore, hr^Z] cUnA, where by (fT0~T5l) Wn^ G ¥*(A). We recall 
that Wnieft[-E] (see Section 9) and 

hr l [Z] cwnic (E-R)[UnA\. (10.33) 

Of course, by gj]) h 1 ^ n A] G /3 C [H]. In addition, by (fT033l) 

bas)[r] : h" 1 ^] C (E - R)[U n X]. 

By (11027)1 h 1 ^ n A] ^>z. Recall that £ C U. Since £ G V'(A), we 
obtain that fcWnA Therefore (see (|9T26]l ). 

w n .4 g f;(„4| £) : ^[wn^^i. 

By Proposition 110.11 z G (r — AS)[£|.A]. Since the choice of z was 
arbitrary, we have the inclusion 

(as)[£;H;r;h;£] C (r - AS)[£| .4]. (10.34) 

Using (110. 34j) and Proposition I10.2( we obtain the equality 

(t-AS)[8\A] = (as)[-E;H;r;h;£]. 

□ 
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So, we can use (see Proposition 110.11 and Condition 110. ip ultra- 
filters of the space (E, A) as nonsequential approximate solutions in 
the case, when a nonempty subfamily of A is used as the constraint 
of asymptotic character. This property is very useful in the cases of 
spaces (E,A) for which the set Fq(*4) is realized effectively. In addi- 
tion, for a semialgebra C G II [E 1 ] with the property A = a° E (£) (see 
Section 2), we consider the passage 

F* (C)^¥* (A) 

as an unessential transformation (see §7.6] and |16t §2.4]; here it 
is appropriate to use the natural connection of ultrafilters and finitely 
additive (0,l)-measures). Then, after unessential transformations, the 
examples of [9j § 7.6] can be used in our scheme sufficiently construc- 
tively. 

11 Ultrasolutions 

First, we recall some statements of |TT] . In addition, we fix a nonempty 
set E and a TS (H,r), where H / f). We consider the nonempty set 
3u[E]. Suppose that h € H E . Then, we suppose that 

(h-LIM)[W|r] = {z 6 H| h}[U] z} VW 6 &,[£/]. (11.1) 

So, we introduce the limit sets corresponding to ultrafilters of E. By 
analogy with Proposition 5.4 of (T7] the following statement is estab- 
lished. 

Proposition 11.1. . If t £ (c — top)[H], then (h - LIM)[W|r] € 
P' (cither)) Wedu[E}. 

Proof. Fix U e 3u[E}. Then h 1 ^] G /3 [H] and by g2J) 

JC = (H-fi)[h l [U}]e$ u [K) (11.2) 

(recall that (E—G)[U] = U). Since (H, r) is a compact TS, there exists 
y € H such that 1C=> y; see 0, ch. I]. Then, by (ETU) N T (y) C /C or 

iV T (y) C (H-fTjfh 1 ^]] (11.3) 

(see ffTOD ). By ([33]) and (fTOD \i x \U\^y. Then, by (fTLll y € (h - 
LIM)[W|r]. So, 

(h-LIM)[W|r] + 0. (11.4) 
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Let z G (h- LIM)[W|r]. Then z G H and h^Wj^z. By (02) and 
([TO]) N T {z) C /C. In addition, by ([TO]) h 1 ^] C £. Then, by d3HJ) 

V^€iV T (z) V.B G h 1 [ZY] . 

By (|2.ip we obtain that 

h 1 (Z7)nfl"^0 WgZY VHeN T (z). 

Since U ^ % and h 1 (C7) C h 1 (£^) for C7 G W, we have the property: 

h^jnF^ VF G N T (z). 

So, z G cl(h 1 (i?), r) . The inclusion 

(h-LIM)[W|r] C cl^^r) 

is established. Using (jll.4p . we obtain that (h — LIM)[ZY|r] G 
V (clfa 1 (E),t)Y □ 

We note the following obvious property too: if r G (top) D [H], T G 
S"[H], yi G H, and y 2 G H, then 

({T^ yi )k(T^y 2 ))^{ yi = y 2 ). (11.5) 

Remark 11.1. Let the premise of .5j) be fulfilled. Then, by 

(N T ( yi )cT)k(N T (y 2 )cT). (11.6) 

Then, y\ = y 2 . Indeed, suppose the contrary: y\ ^ y 2 . Then, by (|6.ip . 
for some Hi G N T (y{) and H 2 G N T (y 2 ), the equality #i n i?2 = is 
valid. But, by (fTL6j) H x G J 7 and F 2 G 7". Then, by dSHJ) HinH 2 # 0. 
The obtained contradiction means that y x ^ y 2 is impossible. So, 
2/1 = 2/2- 

Proposition 11.2.. If t £ (c — top) [H] andU G 3u[-^]> ^en 

3!z G H : (h-LIM)[W|r] = {5}. 

Proof. The corresponding proof is the obvious combination of (jll.ip . 
(jll.5p . and Proposition 111.11 Indeed, by Proposition 111.11 (h — 
LIM)[W|r] + and (h - LIM)[W|r] C H. Let y G (h - LIM)[U\t]. 
Then, y G H and 

h l [U]^y. (11.7) 
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Let z € (h - LIM)[W| r]. Then, z € H and 

\x x \U]^z. (11.8) 

For ft = (H - fl) [h 1 ^]] € ff u [H] by (flLTD and (fTL8l) 

(N T (y)cH)&z(N T (z)cH). 

So, by (|3.6p ft=4> y and ft=> z. From (|11.5|) the equality y = z is valid. 
Then, z € {y}. The inclusion 

(h-LIM)[W|r] C {y} (11.9) 

is established. But, by the choice of y we have the inclusion {y} C 
(h - LIM)[W| t). Using (fTL9t we obtain that 

(h-UM)[U\r] = {y}. 

The uniqueness of y is obvious. □ 

From Proposition 111.21 the natural corollary follows: if r € (c — 
top) [H], then 

3\g e H 5u[E] : (h - UM)[U\ r] = {g(U)} MU € 3u[£]. (11.10) 
In the following, we postulate that 

T £ (c — top) D [H]. (11.11) 

Then (see (Ill.lOp and (jll.lip ). we suppose that 

S)[r] € H 5 ^] (11.12) 

is defined by the following rule: if U £ $ U [E], then S)[t](U) G H has 
the property: 

(h - LIM)[W| r] = {S)[t](U)}. (11.13) 
We note that by (|11.13p and Proposition 111.11 

Si[r](U) ecl^^.r) VU£$ U [E] (11.14) 

So. bv (fTTTT2]) and (flTTill fl[r] : -> c^h 1 ^), r) . In this connec- 

tion, we note the following typical situation: under condition (jll.lip . 
h 1 ^) / H and h 1 ^) $ (r - comp)[H]. Of course, by (flTTTjl 

cl(h 1 (E),r)e (r-comp)[H]. 
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Indeed, any closed set in a compact TS is compact too. Recall that 

F>[t] ecl(h\E),T)* u[E] . (11.15) 

Returning to (| 1 1 . 1 j) and (|11.13|) we note that 

h l [U]^Sj[T](U) We$ u [E}. (11.16) 

With the employment of (|3.9|) . we introduce the natural immersion of 
E in 3u[-E] supposing that 

(E - ult)[-] = {{E - ult)[x]) B6B € 5u[£] £ (11.17) 
In connection with (|11.17p . we note the following obvious equality: 

h = S)[t] o (E - ult)[-}. (11.18) 



Remark 11.2. Consider the proof of (|11.18p . Fix x £ E. By <^9\i 
we obtain that 



h(x) G h x (5) VSG (E-u\t)[x\. 
So, by (|2.ip and (|11.19p we obtain the following property: 

h(x) G T VT £ h 1 [(£ - ult)[x]] . 
In addition, by ([53]) . (13^1) . and (fTLT6l) 

iV T (V)[t]((£ - ult)[x])) C (H - fi) [h 1 [{E - ult)[x]~ 



(11.19) 



(11.20) 



So, Vr G N T (Sj[r]((E - ult)[x])J 3T G h 1 [(E - ult)[x]]: T C T. 

Then, by (fTODI) h(x) G T VT G TV,- - ult)[x])Y Using the 
separability of r (jll.lip . we obtain the equality chain 

h(x) =Sj[T]((E-ult)[x])= (£[r]o(£-ult)[-])(x). 

Since the choice of x was arbitrary, we obtain that (j!1.18j) is fulfilled. 

Proposition 11.3.. IfU G 5u[-El> then the following equality is valid: 

fi cl(hHA),r)={^[r](U)}. 

Aeu 
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Proof. Let u = Sj[t](U). Then u G H and by (fTL16]l 

Then, by ([33} N T (u) C (H-fl) [h 1 ^]] . Therefore, for any T G N T (u), 
there exists U € U such that h^JJ) C T (see ([13]) and fliTTR 

Let vl* G Then, h 1 ^*) G P(H). If S G iV r (u), then, for some 
Us 6W, the inclusion h 1 (L r 5) C S" is valid; moreover, A* n £/s 7^ and 

h 1 ^* n £/<?) c hV*) n h 1 ^) c h 1 ^,) n S, (11.21) 

where h 1 ^* n Us) + 0. So, h 1 ^*) nS ^ 0. Since the choice of S 1 was 
arbitrary, we obtain that 

h 1 (A,)nF^0 \/H G N T (u). 

Therefore, u G cl(h 1 ( J 4*), r) . Since the choice of ^4* was arbitrary too, 
we have the inclusion u G f] cl(h 1 (A), r) . Therefore, 

Aeu 

Choose arbitrary q G f] cl(h 1 (A),r). Then q G H and 

IU n h 1 (^4) ^ Wl G £Y VW G N T (q). (11.22) 

Then, for W G N T (q), we obtain the property WnT ^ VT G h 1 [W] . 
Using (|3.3|) . we have the following statement: 

WnM/« VM G (H - fl) [h 1 ^]] . 

Therefore, W G ((H — fi) [h 1 ^]] -set) [H] (see Section 5), where 

(H-flJfh^eSuIH] (11.23) 

(we use (02])). In addition, 7>(H) G tt[H]. Using flEgJ, (|11.23j) . and 

statements of Section 5, we obtain that 

((H-fl) [h 1 ^]] -set) [H] = ((H-fl) [h 1 ^]] -set) [H]rtP(H) = (H-fl) [h 1 ^]] . 

Therefore, W G (H — fi) [h 1 [W]] . Since the choice of W was arbitrary, 
we obtain that 

Ar^cQH-fi)^ 1 ^]]. 
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So, by (|3.5p h 1 ^] =4> q. Then, we have the following properties: 

By (|11.5p u = q. Then q G {u}. Since the choice of q was arbitrary, 
we obtain that 

PI cl(hV),r)cM. 

Aeu 

The opposite inclusion was established previously. Therefore, {u} and 
the intersection of all sets cl(h 1 (^4), t) , A £W, coincide. □ 

From (|4.15p and Proposition 111.31 we obtain that 

(as)[S;H;r;h;^] = {S)[t](U)} W G (11.24) 

So, ultrafilters of -E realize very perfect constraints of asymptotic char- 
acter. 

12 Ultrafilters of measurable space 
with algebra of sets 

In this section, we fix a nonempty set E, TS (H,r), H / I, and 
h G H E . Moreover, we fix A G (alg)[i?]. Finally, we suppose that 
Condition 110.11 is fullfiled. Then, we have the statement of Proposi- 
tion ll0.3l and other statements of Section 10. We suppose that (jll.lip 
is valid also. So, we have the mapping (|11.12p . In addition, we have 
the natural uniqueness of the filter limit: (jll.5p is fulfilled. Now, we 
supplement ([TO]) . Namely, Vi3 G (3 [H] Vyi G H Vy 2 G H 

((B^y 1 )k(B^y 2 ))^(y 1 =y 2 ). (12.1) 

Remark 12.1. For the proof of (fTO) . we fix B G /3 [H], yi G H, 
and y 2 £ H. Let the premise statement of (|12.ip is valid: B converges 

to yi and y 2 . Then, for T = (H - fl)[B] G £ U [H] (see (pO]) l. the 
inclusions 

(N T ( yi ) CJ)& (iV T (y 2 ) C J") 
are fulfilled. Therefore, by (|3.6p the following two properties are valid: 

By ([TO]) yi = y 2 . So, (TT27TT) is established. 

We recall ([TOBl and ([10211) : if T G F*(^), then J" G (3 [E] and 
h^J] G /3 [H] (see g3])). We use (fTflTn]) . 
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Proposition 12.1.. h l \U n A] ^ ^[t\{U) VU G $ U [E}. 

Proof. Let U G 3 U [E] and z = Sj[t](U). Then z G H and by Con- 
dition QjJTTJ for some i? G (z — bas)[r], the inclusion h _1 [2] C A 
is fulfilled. In addition, by (fimj) Yv l \U]^z. Since U G /3 [£] and 
^ = (E-fi)[W], then 

hr l [N°{z)}(lU. (12.2) 

From (|12.2p the inclusion h -1 [iV r (z)] C U follows (namely, for any 
S G h _1 [iV r (z)], there exists T G h _1 [iV°(2;)] such that T C 5; then, 
T € W by (|12.2p and S £ W by axioms of a filter). In addition, 
-2 C iV T (z). Then, 

hT l [Z] C h _1 [iV T (z)] CW 

and (by the choice of Z) h 1 [Z] C U n „4 C (E - fi) [Wfli]. Since 
Z G (z -bas)[r], by (fTO^Tjl 

By definition of z h 1 ^ n A] =^>%[t](U). □ 

Proposition 12.2.. VJ 7 G F*(^4) 3!z G H : h 1 ^] 

Proo/. Fix J 7 G F*(A). Using (I1U.18I) . we choose U G # U [J5] such that 

T = UC)A. (12.3) 

Then, by (fTT~T2l) £[r](W) G H and by (fT2~3|) and Proposition H2H 

hV]^M(^). (12.4) 

In addition, J" G and h 1 ^] G /3 G [H]. Therefore, by (fTO) and 

([1274]) Vy G H 

(h 1 [^]^ y )^( y = i5[r](W)). 

□ 

From Proposition 112. 2| the obvious corollary follows; namely 
3lg G H F °^ : 

Now, we suppose that the mapping 

*U[r]: F£(.A)— >H (12.5) 
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is defined by the following rule: if J 7 € ¥*(A), then 

h^^fuMGF). (12.6) 
From (|10.15|) and (|1'2.5|) . the obvious property follows; namely, 

$ a [t](U ni)£H We$ u [E\. 

Proposition 12.3. . ^ a [t}(U n A) = Sj[t](U) VU G $ U [E]. 

Proof. Fix U G $ U [E]. Then, by (fTTTT2~]) fi[r](U) G H. By (fTOToD we 
obtain that U D A G F*(yi). In particular, U <T\ A G ^[P 1 ] and by 
P~Tj) h^Wfl^] G /?o[H]. From Proposition [T2TTI we have the following 
convergence 

h 1 [Wn.A]=^£[T](W). (12.7) 

Using Proposition [TO (fTO) . (fT23|) . and (fT2~TD . we obtain that 
^[r](W n A) =i5[r](W). □ 

Proposition 12.4.. If U G F*(A) and U £ U, then S)a[t](U) G 
cl^CCO.r). 

Proo/. Using pn.lHj) . we choose V G 5 U [P] such that W = V D A 
Then, by Proposition 111.31 we have the inclusion 

J5[r](V) ecl^^.r) (12.8) 

(we use the obvious inclusion U G V realized by the choice of £/). By 
Proposition 112.31 

^[r](W)=%[r](Vn^) = Ji[r](V). 

From (HMD, the inclusion *U[t](W) G c^h 1 (U),t) follows. □ 

We note that (see [TTHTB"] ) by (jll.lip the space (H, r) is regular: 
if x G H, then 

]lG(i-bas)[T]:IcC H (r). (12.9) 
Proposition 12.5. . The mapping <\12.5\) is continuous: 

S) A [r] G C(¥* (A),T* a [E],H,t). (12.10) 

Proo/. Fix U G F*(A)- Then, by (fT23|) 2 = ^[r](W) G H. In addi- 
tion, by (fHUj) 

h^Uj^z. (12.11) 
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Of course, U G p o [E] and h 1 ^] G /3 [H] (see flUJ)). As a corollary, by 

W = (H-fi)[h 1 [W]]G £[H]. (12.12) 
From (j3.5[) . (|12. 1 1 1) . and ()12. 12 j) . we obtain the following inclusion: 

N T {z) C H. (12.13) 

From d2HD, d53D, and p2.13|) . we obtain that 

VSeN T (z) 317 eW: ^(U) c 5. (12.14) 

Fix N G iV T (z). Using (HMD, we choose Z G (z - bas)[r] such that 
Z C Ch(t). Then, by (|3.4p . for some ¥ £ Z, the inclusion 

FcN (12.15) 

is valid. Therefore, F G Ch(t). Of course, F G N T {z). Therefore, by 
(TTJIID, for some U G U 

h x (U) C F. (12.16) 

In addition, & A (U) G (U¥)[E;A] (see l|53j> ). By ([631) $^(U) G 
T^[£]. In addition, by (JO]) W G $a(U). Therefore, 

*A(U) G iV^CZ/). (12-17) 

Choose arbitrary ultrafilter V G $a(U). Then, V G F*(.A) and U G V; 
see (jOj) . By Proposition 1231 

^[r](V) Gcl^U^r). (12.18) 

By the closedness of F and (fT2TT6|) cl(h 1 (U),r)c F. So, from (|12.18j) . 
we have the inclusion 

#](V)£F. 

Using ()12. 15 j) . we obtain that ■6.4.M0' 7 ) £ N. Since the choice of V 
was arbitrary, the inclusion 

^[rf^UjjcN (12.19) 

is established. Since the choice of N was arbitrary too, from (|12.17p . 
we obtain that 

VS G N T (Sj A [r](U)) 3T G N t * a[e] (U) : ?)a[t}\T) C S. 

So, the mapping 3X4.[t] is continuous at the point U. Since the choice of 
U was arbitrary, the required inclusion (|12. lOj) is established (see [TU 
(2.5.4)]) □ 
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In connection with Proposition 112.51 we recall Proposition 19.21 and 
known statement about the possibility of an extension of continu- 
ous functions defined on the initial space; in this connection, see, for 
example, Theorem 3.6.21 of monograph [13]. For this approach, con- 
structions of Section 8 are essential. Of course, under corresponding 
conditions, we can use the natural connection with the Wallman ex- 
tension (see (|8.27p and Proposition 19. 2p . 

In this case, Proposition 1 1 2 . 51 can be "replaced" (in some sense) by 
statements similar to the above-mentioned Theorem 3.6.21 of [13] (of 
course, this approach requires a correction, since we consider ultrafil- 
ters of the measurable space). But, we use the "more straight" way 
with point of view of asymptotic analysis: we construct the required 
continuous mapping by the limit passage (see Proposition I12.5j) . We 
recall (l9T2lj) . Then, by (|934l) and (IT231) the mapping 

Sj A [r]o(A-nlt)[E] = ^ A [T}((E-ult)[x}nA)y^ E eU E (12.20) 
is defined; moreover, h € H E . 

Proposition 12.6. . The equality h = ij^[r] o (A — ult)[-E] is valid. 

Proof. Fix x e E. Then by (|11.17p (E - ult)[x] € In addition, 

by (|11.18p the obvious equality follows: 

h(x) =S)[t]((E -ult)[x}). (12.21) 

Moreover, by ()9.24p we obtain that 

(A - ult)[E]{x) = (E -ult)[x]n A e¥*(A). (12.22) 
Then, by Proposition 112.31 and ()12.22p we have the equality chain 

Sj A [T]((A-vit)[E](x)) = Sj[T}((E-vit)[x])=h(x). 

So, (S) A [t] o(A- ult[E])(x) = S) A [t]((A - ult)[E](x)) = h(x). Since 
the choice of x was arbitrary, h = i^fr] o (A — v\t)[E\. □ 

Since ()9.7p is valid, from Propositions 112.51 and 112.61 we have the 
important corollary connected with Proposition 5.2.1 of [9]: 

{¥* (A),T A [E],(A-ult)[E},f 3A [T]) 

is a compactificator, for which (in the considered case) 

(as) [E; H; r ; h; £} = Sj A [r] 1 ((as) [E; ¥* (A) ; [E] ; 
(.A -ult) [£];£]) V£GV'{V(E)); 



(12.23) 
(12.24) 
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in (|12.24p we use Proposition 3.1 and Corollary 3.1 of |18| . In addition, 
V'{A) C V'(V(E)). Therefore, by QrTZM 

(as) [E; H; r; h; £] = ^[r] 1 ((as) [£; F*(A); T* A [E}; 

(A -ult) [£];£]) V^eP'(4 1 0j 

In ()12.25p . we have the important particular case. We consider this 
case in the following section. 



13 Ultrafilters as generalized solu- 
tions 

We suppose that E, (H,t), h, and A satisfy to the conditions of Sec- 
tion 12. We postulate (jll.lip . Finally, we postulate Condition 110. H 
Therefore, we can use constructions of the previous section. In partic- 
ular, (|12.25p is fulfilled (the more general property (|12.24p is fulfilled 
too). In connection with (112. 25|) . the obtaining of more simple repre- 
sentations of AS 

(as)[E;F*(A);T A [E\; (A - vit)[E};£], £ G V(A), (13.1) 

is important. For this goal, we use the natural construction of Theo- 
rem 8.1 in [IT] . Namely, we have the following 

Proposition 13.1.. If £ G V'(A), then (as) [E; F* (A) ; [E] ; (A — 

ult)[E];£] = ¥* (A\£). 

Proof. Let T G (as) [E;¥* (A); T* a [E]; (A - ult) [£?];£] . Then, by the 
corresponding definition of Section 4 (see ([4.3p ) T G F*(A) and, for 
some net (D, ^, /) in the set E, 

(£C(E- aSS )[D; ^; /]) k ((£>, ^ (A - ult)[£] o /) T -^fV). (13.2) 

Fix A G £. Then, by (fT33D A G (E - &ss){D; <; f}. Using ([32D, we 
choose d\ G D such that M5 G D 

(d 1= < *)=>(/(*)€ A). (13.3) 

Of course, A G V{E). And what is more, A G J 7 . Indeed, let us assume 
the contrary: 

Ae£\T. (13.4) 
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Recall that £ C A Therefore, A € A. By flOJ and (fl"3^|) we have 
the inclusion E \ A G T. Then, by O $4(£ \ A) € (UF) [J5; A] . In 
particular (see (|6.4p ). 

$ A (E\A)GT A [E). (13.5) 
Moreover, by (j53J) 7" € \ A). Using (HMD, we obtain that 

^(£\A)€JVf..^(J), (13.6) 

where JV£, ^(J 7 ) C -^t^^]!-^ 7 )- From (|13.6|) and the second statement 
of (|13.2p we have the following property: there exists d,2 G D such that 
V<5 e D 

(da ^ 5) => (((A - ult)[E] o /) (5) G \ A)) . (13.7) 

By axioms of DS there exists d 3 G D for which di ^ d3 and d2 ^ d 3 . 
By (fTBTBl /(d 3 ) G A. Moreover, by (fTBTTD 

((.A-ult)[£]o/)(d 3 ) £*^(S\A). 

By dEMD ((.A - ult)[E] o /)(d 3 ) = (E — ult)[/(d 3 )] n A Therefore, 

(E-ult)[/(d 3 )]n^lGM^\^)- 

From (|Oj) . the inclusion E \ i G - ult)[/(d 3 )] n A follows; in 
particular, £\ie(£- ult)[/(d 3 )]. By /(d 3 ) G E\ A. So, 

(/(4)e4)&(M)e£\A). 

We have the obvious contradiction. This contradiction means that 
(|13.4p is impossible. So, A G T . Since the choice of A was arbitrary, 
the inclusion £ C T is established. Then (see fl£HD ), 7" G ¥* Q (A\ 5). 
So, we obtain the inclusion 

( a s)[E;¥* (A);T A [E]; (A - nlt)[E};£] C F*(A| £). (13.8) 

Choose arbitrary V G F*(Aj 5). Then, by (^26]) V G F*(A) and f C V. 
By Proposition 19.41 and (3.3.7)], for some net (B, C,g) in the set 
E, the convergence 

(B,Q,(A-ult)[E]og) T ^ ] V (13.9) 
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is fulfilled. Now, we use axiom of choice. Fix f2 G £. Then, by the 
choice of V the inclusion f2 G V is fulfilled. Of course, by (|5.4p 

$4(0) G (UF)[E;^] ; (13.10) 

in addition, by (JED V G $4(0). Since by ([23]) and (TmUD §a(P) G 
T^JE 1 ], we have the inclusion 

$ A (Q) e N^ a[e] (V). (13.11) 

From (|13.9|) and (|13.11|) . we have the property: for some d £ B, we 
obtain that V<5 G B 

(dE<S)^ (((A-ult^o^e (13.12) 

From ()9.24p and (|13.12p . we have the following property: V<5 G B 

(dci)^ ((£-ult)[#(<5)] nAe (13.13) 

By (|5.3p and (|13. 13j) we obtain that, for 5 G B with the property 
d C 5, the inclusion f2 G (E — ult) [g(<5)] n*4 is valid and, as a corollary, 
by (GLSD 5(5) G ft. So, G 'P(-E) and 

3d x G B Vd 2 G B (di C cfe) (5(^2) G O). 

Then, by (I3.7P O G (E — ass)[B; Q#]. Since the choice of Q, was arbi- 
trary, the inclusion 

£c (E-ass)[B;Qg] (13.14) 

is established. So, by (|13.9|) and (|13. 14|) we obtain that the net (B, C 
,g) in the set E has the following properties: 

(£ C (E — ass)[B; C; & ((B, C, (.4 - ult)[£] o g) T -^f ] v) . 

By definition of Section 4 (see (JUSD ) V G (as) [E ; F* (4) ; [E] ; (4 - 
ult) [£?];£]. So, the inclusion 

F* (A\£) C ( aS )[E;¥*oiA);T* A [E};(A-nlt)[E};£] 

is established. Using (|13.8p . we have the required equality 

(as) [E;¥l(A);T A [E]; (A-ult)[E}; £} = ¥* Q (A\ £). 

□ 
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From (|12.25p and Proposition 113. ll we have the following 



Theorem 13.1.. If £ € V'{A), then, AS in (H,t) with constraints 
of the asymptotic character defined by £ is realized by the rule 

(as)[£; H; r; h; £] = Sj^r] 1 (F* (A \ £)) . 

We note that, in Theorem 113.11 the set F*(„4| £) plays the role of 
the set of admissible generalized solutions. 

14 Some remarks 

In our investigation, one approach to the representation of AS and ap- 
proximate solutions is considered. This very general approach requires 
the employment of constructions of nonsequential asymptotic analysis. 
This is connected both with the necessity of validity of "asymptotic 
constraints" and with the general type of the convergence in TS. We 
fix a nonempty set of usual solutions (the solution space) , the estimate 
space, and an operator from the solution space into the estimate space. 
In the estimate space, a topology is given. Then, under very different 
constraints, we can realize in this space both usual attainable elements 
and AE. But, if usual attainable elements are defined comparatively 
simply (in the logical relation), then AE are constructed very difficult. 
For last goal, extensions of the initial space are used. In addition, the 
corresponding spaces of GE are constructed. Ultrafilters of the initial 
space can be used as GE. But, the realizability problem arise: free 
ultrafilters are "invisible". In addition, free ultrafilters realize limit 
attainable elements which nonrealizable in the usual sense. In this 
connection, we propose to use ultrafilters of (nonstandard) measur- 
able space; we keep in mind spaces with an algebra of sets. But, it is 
possible to consider the more general constructions with the employ- 
ment of ultrafilters. In our investigation, ultrafilters of lattices of sets 
are used. On this basis, the interesting connection with the Wallman 
extension in general topology arises. 

It is possible that the proposed approach motivated by problems 
of asymptotic analysis can be useful in other constructions of contem- 
porary mathematics. 
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